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Abstrat: We study long-distane singularities governing dierent physial quantities in-
volving massless partons in perturbative QCD by using fatorisation in terms of Wilson-line
orrelators. By isolating the proess-independent hard-ollinear singularities from quark
and gluon form fators, and identifying these with the ones governing the elasti limit of
the perturbative Parton Distribution Funtions (PDFs)  δ(1 − x) in the large-x limit of
DGLAP splitting funtions  we extrat the anomalous dimension ontrolling soft singular-
ities of the PDFs, verifying that it admits Casimir saling. We then perform an independent
diagrammati omputation of the latter using its denition in terms of Wilson lines, on-
rming expliitly the above result through two loops. By omparing our eikonal PDF
alulation to that of the eikonal form fator by Erdogan and Sterman and the lassial
omputation of the losed parallelogram by Korhemsky and Korhemskaya, a onsistent
piture emerges whereby all singularities emerge in diagrammati ongurations loalised
at the usps or along lightlike lines, but where distint ontributions to the anomalous
dimensions are assoiated with nite (losed) lightlike segments as ompared to innite
(open) ones. Both are relevant for resumming large logarithms in physial quantities, no-
tably the anomalous dimension ontrolling Drell-Yan or Higgs prodution near threshold on
the one hand, and the gluon Regge trajetory ontrolling the high-energy limit of partoni
sattering on the other.
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1 Introdution
It is well known that perturbative QCD at xed order in αs, whih is highly suessful in
desribing hard proesses at olliders, loses its preditive power in kinemati regions where
there is a large hierarhy of sales. Familiar examples are Drell-Yan or Higgs prodution
near threshold, see e.g. [16℄, or at small transverse momentum, whih are dominated by
soft-gluon radiation. Another example is the high-energy limit of QCD sattering, where
the entre-of-mass energy is muh larger than the momentum transfer [714℄. In eah of
 1 
these ases, and many others, fatorisation tehniques allow us to derive all-order resum-
mation formulae, whih extend the preditive power of QCD, leading to highly suessful
phenomenology in many ases.
The theory underlying fatorisation relies on identifying the origin of any parametrially-
enhaned orretions through operators, whih apture the relevant divergenes. Indepen-
dently of whether one uses QCD elds [15, 16℄, or Soft-Collinear Eetive Theory [17℄
ones, the relevant operators involve Wilson lines, whih follow the trajetory of fast-moving
partons, and apture their interations with soft gluons. These operators obey evolution
equations, governed by orresponding anomalous dimensions, whih are omputable order
by order in QCD perturbation theory. The most familiar amongst these is the (lightlike)
usp anomalous dimension [18℄, γcusp, whih in partiular desribes double poles in the
Sudakov form fator, originating in overlapping soft and ollinear singularities. While the
usp anomalous dimension ours universally, governing the leading singularities in any
kinemati limit, single-logarithmi ontributions haraterising separately large-angle soft
or hard-ollinear or rapidity divergenes, are somewhat less universal, and yet  as we shall
see  reur in a variety of physial quantities that are not a priori related. Resummation
formulae are obtained upon solving the aforementioned evolution equations, leading to ex-
ponentiation. The anomalous dimensions therefore have a entral role in the preditive
power of QCD, and in ertain ases their omputation has been reently pushed to three-
loop order, e.g. [1924℄, with very reent progress towards four loops [2533℄ (even more
is known in maximally supersymmetri Yang-Mills theory, see e.g. [3439℄). Despite this
impressive progress, there remains several unresolved questions regarding the anomalous
dimensions governing single-logarithmi orretions and their universality, some of whih
we address below.
In the present paper we study two fundamental physial quantities, whih are reurrent
ingredients in the fatorisation of amplitudes and ross setions [16, 40℄. The rst is the
massless on-shell form fator, assoiated e.g. with an eletromagneti vetor urrent in
the ase of quarks, or eetive Higgs prodution vertex, gg → H, in the ase of gluons.
The seond is parton distribution funtions (PDFs), or more preisely, the large-x limit
of diagonal qq and gg Altarelli-Parisi splitting funtions, governing the sale dependene
of PDFs aording to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution
equation [4143℄. Eah of these physial quantities is important in its own sake, and their
infrared fatorisation will be disussed in some detail in setions 2 and 3, respetively.
The main motivation to our study omes from the relation between the two, namely a
partiular ombination of single-pole anomalous dimensions, whih respetively apture
ollinear singularities in these two quantities. The relation holds separately for quarks and
for gluons:
γqG − 2Bqδ ≡ f qeik , γgG − 2Bgδ ≡ f geik, (1.1)
where γqG (γ
g
G) is dened by the funtion G (see eq. (2.6)), whih along with the usp
anomalous dimension, governs the infrared struture of the quark (gluon) form fator in
eq. (2.1) below; and Bqδ (B
g
δ ) is the oeient of the δ(1 − x) term, in the large-x limit of
the quark-quark (gluon-gluon) splitting funtion, see eq. (3.6) below. It was observed long
 2 
ago [44, 45℄ that while the separate perturbative results for γG and Bδ are very dierent
between quarks and gluons (this is expeted: ollinear singularities are known to depend
on the parton's spin), the ombination (1.1) vanishes at one loop in both ases, and admits
a Casimir-saling relation
1
at two loops, namely
f q
eik
CF
=
f g
eik
CA
=
(αs
π
)2 [
CA
(
101
54
− 11
24
ζ2 − 7
4
ζ3
)
+ Tfnf
(
−14
27
+
1
6
ζ2
)]
+O (α3s) . (1.2)
The same Casimir-saling property persists at three loops [45℄. This is a lear indiation
that f
eik
has an interpretation purely in terms of Wilson lines  hene the name, an eikonal
funtion. A Wilson-line-based denition would explain why the result does not depend on
the parton's spin, while it depends on its olour representation in proportion to the relevant
quadrati Casimir through three loops. The question we would like to address is what is
the Wilson-loop orrelator orresponding to f
eik
.
Before desribing our approah to answer this question, let us note that the ombination
in (1.1) has a diret physial interpretation as the soft anomalous dimension assoiated with
Drell-Yan prodution near partoni threshold [16℄, namely γqG − 2Bqδ = 12ΓDY. Similarly
γgG − 2Bgδ is assoiated with Higgs prodution through gluon-gluon fusion near threshold.
The orresponding soft funtion is dened at ross-setion level, by replaing the energeti
partons, whih move in opposite lightlike diretions (before annihilating at the hard in-
teration vertex), by Wilson lines that follow the same trajetory, in both the amplitude
and its omplex onjugate. The usp where the omplex-onjugate amplitude Wilson lines
meet is displaed by a timelike distane with respet to the amplitude: this distane is
the Fourier onjugate variable to the energy fration arried by soft partons.
2
Final-state
radiation, namely the set of soft partiles onneting the amplitude side to the omplex-
onjugate amplitude side, are desribed by ut propagators. This soft funtion admits an
evolution equation governed by γcusp and ΓDY (see e.g. eq. (9) in ref. [3℄, or eqs. (43-44) in
ref. [6℄). The latter was omputed through three loops diretly based on the aforementioned
Wilson-line denition [20, 52℄, and the results agree with the ombination of anomalous di-
mensions in (1.1), whih were extrated from independent QCD omputations of the form
fator [44, 45, 53℄ and DGLAP splitting funtions [5461℄. Thus, from this perspetive, this
physial quantity is well understood, and its Casimir-saling property simply follows from
the above-mentioned Wilson-line denition.
Our own investigation starts with the simple observation that the two-loop result for
γG−2Bδ in (1.2) also agrees, up to an overall fator of 4, with the result for the parallelogram
Wilson loop made of four lightlike segments (see gure 1), whih was omputed by in 1992
1
A Casimir-saling relation similar to (1.1) and (1.2) was dedued from fatorisation already in [46℄; in
this analysis single-pole ollinear singularities are ontrolled by the anomalous dimension of the quark or
gluon elds in axial gauge.
2
An additional displaement of the two usps in transverse spae an be used to resum transverse-
momentum logarithms [47℄. The orresponding anomalous dimensions an be related to the DY soft funtion
via a onformal transformation [4851℄.
 3 
(a) ∧ geometry (b) ⊓ geometry ()  geometry
Figure 1: Contours of lightlike Wilson loops that ontain semi-innite Wilson lines, whih
arise in the fatorisation of the form fator (a) and the parton distribution funtion (b).
Contour (), the parallelogram, whih onsists of four nite lightlike segments, gives rise to
the anomalous dimension on the right-hand-side of eq. (1.3).
by Korhemsky and Korhemskaya [62℄. It is a highly appealing proposition that
3
feik ≡ γG − 2Bδ = Γ
4
, (1.3)
holds to all orders
4
. The parallelogram Wilson loop, is a very simple objet: being ompat
it has no infrared divergenes, so the singularities arise here from short distanes, and the
alulation an be done diretly in dimensional regularisation. Importantly, in ontrast to
the Drell-Yan soft funtion desribed above, real orretions and ut propagators do not
arise here. The natural questions to ask then are rst, does the relation in (1.3) indeed
hold to all orders, and seond, an we see how a parallelogram Wilson loop arises from the
denitions of the objets on the left-hand side of eq. (1.3), the form fator and the PDF.
Establishing this relation is one of the main goals of the present paper.
The infrared fatorisation of the form fator is well understood [16, 40, 63℄, and has
been used as the starting point for the fatorisation of massless amplitudes with any number
of legs in general kinematis [6471℄. The form-fator fatorisation gives rise to a dierent
Wilson-line onguration, namely a ouple of semi-innite lightlike Wilson lines (with dif-
ferent 4-veloities) meeting at the hard-interation vertex, see gure 1a. We shall refer to
this ontour as the ∧ geometry. We emphasise that in ontrast with the Drell-Yan soft fun-
tion desribed above, where the ross setion was onsidered [20, 52℄, here the Wilson-line
onguration is dened at amplitude level. At a dierene with the parallelogram of [62℄,
the ∧ geometry is non-ompat, and thus gives rise to infrared divergenes, in addition to
ultraviolet ones. We shall return to the ∧ geometry and its properties below. At this point
it sues to say that onsidering the infrared fatorisation of the form fator, the origin
of the relation between γG − 2Bδ and the parallelogram geometry remains obsure: the ∧
geometry has no nite segments while the parallelogram onsists exlusively of suh.
3
Note that we systematially omit the supersript q/g in (1.3) and below, and speify the representation
only when needed.
4
While the two-loop result for Γ has been known from a while, we are not aware that the proposition
(1.3) was made before. Unfortunately, there is no diret three-loop omputation of Γ available at this
point.
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An important step in explaining the eikonal nature of feik in (1.1), based on the infrared
fatorisation properties of the form fator and the PDF, was taken in 2008 in a paper by
Dixon, Magnea and Sterman [63℄. The fundamental explanation is that spin-dependent
hard-ollinear ontributions are ommon to both γG and 2Bδ and drop in the dierene,
leaving behind a purely eikonal omponent. This is the premise we shall follow here as
well. However, ref. [63℄ relied on the assumption that Bδ, as the oeient of δ(1− x), is a
purely virtual quantity and hene the fatorisation of the PDF ould be done at amplitude
level. Aording to the fatorisation outlined in [63℄ the eikonal omponent of Bδ should
orrespond to Wilson lines with a ∧−geometry, muh like the form fator. Taking this at
fae value, if the eikonal omponents of γG and Bδ on the right-hand side of (1.3) indeed both
orrespond to the ∧−geometry, one onludes that the ∧ and the  anomalous dimensions
must be proportional to eah other, at least through two loops, or, put dierently, one may
dedue the anomalous dimension of the ∧−geometry from (1.2).
The rst diret two-loop omputation of ∧−geometry Wilson loop was performed only
in 2015, by Erdogan and Sterman [72℄. This alulation is an important step forward also
in the sense that it presents a new method for dealing diretly with (semi)-innite lightlike
Wilson lines in onguration spae (whih a priori lead to saleless integrals) without resort-
ing to an extra regulator. This is done by leverly using the exponentiation properties and
isolating a well-dened integrand, before renormalising ultraviolet divergenes by means of
a suitable uto. We shall adopt and generalise this method in setion 4 below. The result
of ref. [72℄ is that the anomalous dimension orresponding to the ∧−geometry Wilson loop
is given by
Γ∧ =
(αs
π
)2
Ci
[
CA
(
101
54
− 11
24
ζ2 − 1
4
ζ3
)
+
(
−14
27
+
1
6
ζ2
)
Tfnf
]
+O(α3s), (1.4)
where Ci = CF for Wilson lines in the fundamental representation and CA for the adjoint.
As with feik and Γ∧ above, we omit the supersript q/g for Γ∧ wherever it is not nees-
sary. While the result in (1.4) bears a striking resemblane to feik in (1.2), it is evidently
not idential; the oeient of the ζ3 term is entirely dierent. The authors of ref. [72℄
further provided a detailed diagrammati analysis, omparing their alulation to that of
the parallelogram in ref. [62℄, and explaining the origin of the dierene in the oeient of
ζ3 as emanating from endpoint ontributions that are present in nite lightlike segments,
but are absent in innite ones. This onlusion an be onrmed by a momentum-spae
omputation.
It is useful to bear in mind that innite and semi-innite Wilson-line ongurations (but
not nite ones!) are of diret relevane to partoni sattering amplitudes in the high-energy
limit (the Regge limit) [1114℄. Also, the expliit two-loop ombination in (1.4) appeared
in the literature in that ontext long before the omputation of the ∧ onguration in
ref. [72℄. Speially, onsidering gg → gg, qq → qq or qg → qg sattering in the limit
where the entre-of-mass energy is muh larger than the momentum transfer, s ≫ −t,
the leading and next-to-leading logarithms in s/(−t) in the (real part of the) amplitude
exponentiate aording to a simple replaement of the t-hannel gluon propagator (dubbed
 5 
gluon Reggeisation):
1
t
→ 1
t
(
s
−t
)α(t,ǫ)
, (1.5)
where α(t, ǫ) is the gluon Regge trajetory5 [7478℄ given by:
α(t, ǫ) =
αs
π
γ
g (1)
usp
2ǫ
+
(αs
π
)2 1
4
(
−CAbˆ0
ǫ2
+
γ
g (2)
usp
ǫ
+ 2Γ
g (2)
∧ + CAbˆ0ζ2
)
+O(α3s) (1.6)
where αs = αs(−t, ǫ), with ǫ = (4 − d)/2 the dimensional regularisation parameter, bˆ0 is
the one-loop QCD beta funtion of (2.3a), γ
g (n)
usp
are the oeient of the usp anomalous
dimension of eq. (2.4) for the gluon, and Γ
g (2)
∧ is the two-loop oeient in eq. (1.4), again
with Ci = CA. We further reall that the overall similarity between the parallelogram
Wilson loop in [62℄ and the gluon Regge trajetory in (1.6), as well as the peuliar dierene
between them in the oeient of ζ3, were already observed early on, in ref. [79℄, where an
evolution equation for the Regge trajetory was derived, onsidering the forward limit of
rossed Wilson lines. However, this raises no diulty: as stressed above, it is the innite
Wilson-line geometry whih is expeted to be relevant for the fatorisation of partoni
sattering amplitudes, not the parallelogram.
A real puzzle arises, however, upon onsidering the expliit result for the ∧−geometry
anomalous dimension in eq. (1.4) in view of eq. (1.2), if the onlusion of ref. [63℄ is taken
at fae value. Given that the fatorisation of the form fator is well understood, and the
eikonal omponent of γG is determined by the ∧−geometry, we are ompelled to revisit
the assumption of ref. [63℄ that Bδ is a purely virtual quantity, systematially establish the
infrared fatorisation of the PDFs at large x, and identify the eikonal omponent of Bδ,
whih learly must not be proportional to Γ∧.
We proeed as follows. In setion 2 we review the fatorisation of long-distane sin-
gularities of the QCD form fator and identify the proess-independent spin-dependent
hard-ollinear omponent of γG. In turn, in setion 3 we disuss the fatorisation of PDFs
in the limit x → 1. We show expliitly that the alulation of Bδ requires both real and
virtual orretions. To this end we perform an expliit two-loop alulation of the splitting
funtions at large x (the details are presented in appendix A). Next we identify the eikonal
omponent of Bδ as the anomalous dimension assoiated with a ⊓-shaped Wilson-line geom-
etry, see gure 1b. By using the known value of Bδ along with the hard-ollinear anomalous
dimension extrated from the form fator, we then predit the Γ⊓ anomalous dimension at
two loops. Then, in setion 4 we ompute Γ⊓ diretly to this order, nding agreement with
the extrated result of setion 3. In setion 4 we also derive an evolution equation for the
⊓-shaped Wilson-line and show that while in the ultraviolet it is haraterised by double
poles, as any other usped Wilson loop, its infrared properties are dierent, displaying
stritly single poles, in agreement with single-pole nature of PDFs themselves. In setion
5 we put together our results for the fatorisation of the form fator and the PDF, and
establish the relation of (1.3) with the parallelogram to all orders. We further summarise
5
See also a more reent observation in ref. [73℄ that the two-loop oeient Γ
g (2)
∧ ours also in the QCD
impat fator.
 6 
the state-of-the-art knowledge of higher-order orretions to Γ in view of its relations with
other physial quantities. We briey summarise our onlusions in setion 6.
2 Infrared fatorisation of the on-shell form fator
Let us review the well-known fatorisation of a olour-singlet on-shell form fator of oloured
massless partiles (quarks or gluons) in QCD [15, 16, 40, 45, 63, 80℄. We label the external
momenta by p1 (inoming) and p2 (outgoing) with the momentum transferQ
2 ≡ −(p1−p2)2,
and, as usual, we renormalise all ultraviolet singularities in the MS sheme, denoting the
renormalisation sale by µ2.
The quark form fator is dened in terms of the eletromagneti vetor urrent, propor-
tional to ψ¯γµψ, whih does not renormalise. The gluon form fator in turn is dened using
an eetive loal interation vertex with the Higgs eld, HGaµνG
µνa
, and it does renor-
malise, proportionally to the QCD beta funtion [44℄. The distint ultraviolet properties of
the quark and gluon form fators will be of little relevane for us: we fous instead on the
infrared singularities of the form fator, whih have a rather similar struture for massless
quarks and gluons.
For large Q2 the form fator F
(
Q2/µ2, αs(µ
2), ǫ
)
features large logarithms in the ratio
Q2/µ2, and xed-order perturbation theory breaks down. These large logarithms an be
resummed using a renormalisation-group equation (see e.g. [80℄), giving the following all-
order formula for the form fator,
F
(
1, αs(Q
2), ǫ
)
= exp
[
1
2
∫ Q2
0
dλ2
λ2
(
G(1, αs(λ
2, ǫ), ǫ) − γ
usp
(αs(λ
2, ǫ)) log
Q2
λ2
)]
, (2.1)
where we set the renormalisation sale µ2 = Q2 for simpliity. Note that we have absorbed
into the funtion G any operator renormalisation terms  see [44, 45℄ for more details.
Infrared singularities are generated in eq. (2.1) through an integration, from λ2 = 0, over
the d = 4− 2ǫ dimensional running oupling αs(µ2, ǫ), whih obeys
d
d lnµ2
(
αs(µ
2, ǫ)
π
)
= −ǫ
(
αs(µ
2, ǫ)
π
)
−
∞∑
n=0
bˆn
(
αs(µ
2, ǫ)
π
)n+2
. (2.2)
We report the oeients bˆ0, bˆ1 and bˆ2 of the QCD beta funtion respetively at one [81
84℄, two [8588℄ and three loops [89, 90℄, beause we will use them in the rest of this paper
bˆ0 =
11
12
CA − 1
3
Tfnf , (2.3a)
bˆ1 =
17
24
C2A −
5
12
CATfnf − 1
4
CFTfnf , (2.3b)
bˆ2 =
2857
3456
C3A −
1415
1728
C2ATfnf −
205
576
CACFTfnf +
1
32
C2FTfnf (2.3)
+
11
144
CFT
2
f n
2
f +
79
864
CAT
2
f n
2
f ,
 7 
with the quadrati Casimir dened by T
a
T
a = CR1, with T being the SU(Nc) generator
in the representation R and CA orresponds to the Casimir in the adjoint representation;
nf is the number of light quarks and the trae of the generators t
a
in the fundamental
representation, Tr(tatb) = Tf δab, is onventionally set to Tf = 1/2.
Equation (2.1) applies for both quarks and gluons, but with distint funtions γ
usp
(αs)
and G(Q2/µ2, αs, ǫ), whih do depend on the type of partiles (although this is suppressed
in our notation). The former, whih aptures all double poles, depends solely on the olour
representation of the partiles (fundamental and adjoint for quarks and gluons, respetively)
while the latter, whih ontrols single poles, depends also on their spin. This distintion
will be ruial in what follows and it is a diret onsequene of the fat that γ
usp
is an
eikonal quantity, namely one that an be dened exlusively in terms of Wilson lines, while
G(Q2/µ2, αs, ǫ) instead, ontains hard-ollinear eets, whih annot fully be desribed by
Wilson lines. Speially, γ
usp
is the lightlike usp anomalous dimension [18℄, dened as
the oeient of the leading ultraviolet divergene ourring in a usped Wilson loop, whih
evaluates to
γ
usp
(αs) =
∞∑
n=1
(αs
π
)n
γ(n)
usp
=
αs
π
Ci +
(αs
π
)2
Ci
[
CA
(
67
36
− ζ2
2
)
− 5
9
nfTf
]
+
(αs
π
)3
Ci
[
C2A
(
245
96
− 67
36
ζ2 +
11
24
ζ3 +
11
8
ζ4
)
+ CAnfTf
(
−209
216
+
5
9
ζ2 − 7
6
ζ3
)
+ CFnfTf
(
−55
48
+ ζ3
)
− (nfTf )
2
27
]
+O (α4s) ,
(2.4)
where Ci, dened above, is the quadrati Casimir in the fundamental or the adjoint repre-
sentation for quarks and gluons, respetively. The three-loop value of γ
usp
was omputed
in [91℄, and reently there has been signiant progress towards a four-loop determina-
tion [2933℄. Through three loops, the usp anomalous dimension, muh like other quantities
that are dened exlusively in terms of Wilson lines, depends on the olour representation
proportionally to the quadrati Casimir Ci, as in (2.4), adhering to so-alled Casimir sal-
ing property. Starting at four loops quarti Casimirs, d
(4)
ij ≡ dabcdi dabcdj , appear as well,
making the dependene of the olour representation more involved. Dierently from γ
usp
,
the funtion G(1, αs(λ
2, ǫ), ǫ) has an expansion both in αs and ǫ, as follows
G
(
1, αs
(
λ2, ǫ
)
, ǫ
)
=
∞∑
l=1
∞∑
n=0
G(l, n)
(
αs
(
λ2, ǫ
)
π
)l
ǫn, (2.5)
therefore it generates both infrared poles and non-negative powers of ǫ upon integrating over
the sale λ2 of the running oupling as in eq. (2.1). We isolate the divergent ontribution
order-by-order in αs, by dening the anomalous dimension γG suh that∫ µ2
0
dλ2
λ2
G(1, αs(λ
2, ǫ), ǫ) =
∫ µ2
0
dλ2
λ2
[
γG
(
αs
(
λ2, ǫ
))]
+O (ǫ0) , (2.6)
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where γG depends on ǫ only through the oupling. The oeients γG for the quark and
for the gluon are well known in the literature; they are referred to sometimes as ollinear
anomalous dimensions and were denoted by G˜ in [92℄, by G0 in [39℄ and by γq and γg
in appendix I of [17℄. The latter has a onventional fator of −2. In pratie, we derive
here γG to four loops by substituting the d−dimensional running oupling of eq. (2.2) into
eq. (2.6) and then identifying the singularities arising on the two sides of equation (2.6),
getting
γG =
αs
π
G(1, 0) +
(αs
π
)2 [
G(2, 0) − bˆ0G(1, 1)
]
+
(αs
π
)3 [
G(3, 0) − bˆ0G(2, 1) − bˆ1G(1, 1)
+ bˆ20G(1, 2)
]
+
(αs
π
)4 [
G(4, 0) − bˆ0G(3, 1) − bˆ1G(2, 1) − bˆ2G(1, 1) + bˆ20G(2, 2)
+ 2bˆ0bˆ1G(1, 2) − bˆ30G(1, 3)
]
+O (α5s) ,
(2.7)
where G(l, n) are dened in eq. (2.5) and their values an be extrated from ref. [44, 45, 53℄
where the form fators have been omputed to three loops. For the purpose of this paper we
only need expliit results for the ollinear anomalous dimensions through two-loop, whih
read
γqG =
(αs
π
) 3CF
2
+
(αs
π
)2{
CACF
(
11
8
ζ2 − 13
4
ζ3 +
961
432
)
+ C2F
(
−3
2
ζ2 + 3ζ3 +
3
16
)
− CFTfnf
(
ζ2
2
+
65
108
)}
+O(α3s)
γgG =
(αs
π
)
2bˆ0 +
(αs
π
)2{
C2A
(
−11ζ2
24
− ζ3
4
+
173
54
)
+ CATfnf
(
ζ2
6
− 32
27
)
− CFTfnf
2
}
+O(α3s) , (2.8)
where we added supersripts i = q, g to distinguish between quarks and gluons.
2.1 Infrared fatorisation
At high energy (Q2 →∞) the infrared behaviour deouples from the hard sattering
F
(
1, αs(Q
2), ǫ
)
= H
(
Q2
µ2
,
(2pi · ni)2
n2iµ
2
, αs(µ
2)
) 2∏
i=1
Ji
(
(2pi · ni)2
n2iµ
2
, αs(µ
2), ǫ
)
×
 S (β1 · β2, αs(µ2), ǫ)∏2
k=1 Ji
(
2(βi·ni)2
n2i
, αs(µ2), ǫ
)
 , (2.9)
where the jet funtion Ji, one for eah external leg, aptures the ollinear singularities, the
soft funtion S ontains the ontribution of any long-wavelength gluons exhanged between
the external partiles and the eikonal jet funtion Ji aptures all the singularities that are
present both in S and in the jet funtion Ji, whih are assoiated with exhanges that
are both soft and ollinear to the massless external partiles. Therefore, the ratio
S
J1J2 in
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eq. (2.9) inludes only the divergenes assoiated with soft wide-angle emissions. H is the
hard funtion, found from mathing to the full form fator. Eah other fator in eq. (2.9) has
an operator denition whih ditates their funtional dependenes in eq. (2.9), involving
the momenta pi of the external partiles and their lightlike veloities βi, dened by
pµi = Q0β
µ
i , (2.10)
where Q0 is an arbitrary normalisation and would typially be of the order of the hard
sale of the proess, Q. The operator denitions of S, Ji and Ji are written in terms of the
expetation values of Wilson lines, dened as
Wv(y, x) = P exp
(
igs
∫ y
x
dzvµA
µ(z)
)
, (2.11)
where v is the diretion of the line and x, y are its end-points. In general, the vetor vν an
be either lightlike v2 = 0 or non-lightlike v2 6= 0. In the ontext of the on-shell massless
form fator, lightlike kinematis for the external legs, β2 = 0, is ditated by eq. (2.10), and
we dene the funtions entering the fatorisation formula (2.9) by:
Ji
(
2(βi · ni)2
n2i
, αs(µ
2), ǫ
)
= 〈0|T
[
Wni(∞, 0)Wβi(0,∞)
]
|0〉 , (2.12)
S (β1 · β2, αs(µ2), ǫ) = 〈0|T[Wβ1(∞, 0)Wβ2(0,∞)]|0〉 , (2.13)
u(p)Ji
(
(2pi · ni)2
n2iµ
2
, αs(µ
2), ǫ
)
= 〈0|T
[
Wni(∞, 0)ψ(0)
]
|p〉 , (2.14)
where ni is an auxiliary non-lightlike vetor and the dependene on its hoie must anel
in eq. (2.9). The ontour dening S is shown in gure 1a. In eq. (2.14) we presented the
jet funtion Ji for fermion elds; for a denition of the gluon jet funtion see refs. [9395℄.
The representation of the Wilson lines in eq. (2.13) is the representation of the orre-
sponding external partile. Any funtion built solely from Wilson lines, suh as S and Ji,
is alled eikonal. As mentioned in the ontext of the usp anomalous dimension, one of
the properties of eikonal quantities is that they admit Casimir saling up to three loops;
this is a onsequene of non-Abelian exponentiation. Beyond three loops there are quarti
(and eventually higher order) Casimir ontributions, but given that the same Wilson-line
diagrams ontribute for quarks and gluons, diering just by the representations of the Wil-
son lines, one expets a relation between these quantities. Indeed, a onjetural relation
was proposed in [29℄ based on partial four-loop omputations; we shall return to this in
setion 5.2 below.
The individual funtions in eqs. (2.12) to (2.14) are heavily onstrained by kinemati
onsiderations, suh as the dependene on the auxiliary vetors ni, and by renormalisation
group evolution. These onstraints an be solved to give expliit formulae [70, 71℄,
Ji = exp
{
− 1
4
∫ µ2
0
dλ2
λ2
(
ΓJ
(
αs(λ
2, ǫ)
)
+ γ
usp
(αs(λ
2, ǫ)) log
2(βi · ni)2µ2
n2iλ
2
)}
, (2.15)
S = exp
{
− 1
2
∫ µ2
0
dλ2
λ2
(
Γ∧(α(λ2, ǫ)) + γusp(αs(λ2, ǫ)) log
(
β1 · β2µ2
λ2
))}
, (2.16)
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where ΓJ and Γ∧ are onstants to be determined by diret alulation. Note that Γ∧ was
denoted in the literature [63, 72℄ as −G
eik
. As in eq. (2.1), the infrared singularities of Ji
and S are generated by integrating over the d dimensional running oupling αs(λ2, ǫ) from
λ2 = 0. We notie that the soft funtion and the produt of the eikonal jets share the same
dependene on γ
usp
lnµ2/λ2, whih is assoiated with the overlapping soft-ollinear singu-
larities of these two quantities. This fat ensures that the ratio
S
J1J2 is free of overlapping
divergenes and depends only on the logarithm of the kinemati variable
κ =
(β1 · β2)2 n21n22
4(β1 · n1)2(β2 · n2)2 , (2.17)
whih is insensitive to the normalisation of the vetors βi in the denition eq. (2.10). Using
the fatorisation equation eq. (2.9), we determine the partoni jet funtion by dividing the
form fator in eq. (2.1) by the ratio
S
J1J2 , yielding
Ji = exp
{
hJ(αs(p
2
n)) +
1
2
∫ p2n
µ2
dλ2
λ2
γi(αs(λ
2)) +
1
4
∫ p2n
0
dλ2
λ2
(
− γ
usp
(αs(λ
2, ǫ)) log
(
p2n
λ2
)
+ Γ∧(αs(λ2, ǫ)) − ΓJ (αs(λ2, ǫ)) +G(1, αs(λ2, ǫ), ǫ)
)}
, (2.18)
where we introdued the variable p2n =
(2p·n)2
n2 . The funtion hJ(αs(p
2
n)) is a mathing
oeient that aptures the nite parts of the jet funtion and γi, with i = q for the quark
and i = g for the gluon, is the anomalous dimension of the eld i in axial gauge. The
latter is only onerned with the ultraviolet behaviour of the jet funtion and indeed it is
not assoiated with any IR pole, beause the ontribution from the IR region λ2 ≃ 0 is
absent in the seond term of eq. (2.18). All the IR poles of the form fator are generated by
the seond integral in the equation above, involving the anomalous dimensions γ
usp
, Γ∧,
ΓJ and the resummation funtion G(1, αs, ǫ). The dependene on γusp is suh that the
ombination with
S
J1J2 reonstruts the kinemati dependene of the form fator eq. (2.1)
through
2 log
(
Q2
λ2
)
= log(κ) + log
(
p2n1
λ2
)
+ log
(
p2n2
λ2
)
. (2.19)
2.2 Isolating hard-ollinear singularities
The ontribution of ΓJ in eq. (2.18) is assoiated to the soft singularities of Ji, whih
anel in the ratio of Ji and Ji eq. (2.9). It is therefore onvenient to fous on the poles of
pure hard-ollinear origin, dened as
Ji/J ≡
Ji|pole
Ji , (2.20)
where Ji|pole means only the poles of the jet funtion. We extrat the funtion Ji/J for i = q
and i = g from the form fator of the quark and of the gluon, respetively, thus providing
the proess-independent omponents ontaining the purely ollinear singularities assoiated
with massless external partons. In order to determine Ji/J , we isolate the pole part of the
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jet funtion Ji, by replaing in eq. (2.18) the funtion G(1, αs, ǫ) with γG, aording to the
denition in eq. (2.6), and we get the ratio
log
(
Ji|pole
Ji
)
=
[
1
4
∫ µ2
0
dλ2
λ2
(
γG(αs(λ
2, ǫ)) + Γ∧(αs
(
λ2, ǫ
)
)− γ
usp
log
(
2(pi · ni)2
(βi · ni)2µ2
))]
≡ 1
2
∫ µ2
0
dλ2
λ2
[
γJ/J (αs(λ2, ǫ))−
γ
usp
(αs(λ
2, ǫ))
2
log
(
2(pi · ni)2
(βi · ni)2µ2
)]
,
(2.21)
where on the last line we have dened the anomalous dimension γJ/J
2γJ/J = γG + Γ∧. (2.22)
As mentioned above, the ollinear anomalous dimension γG is known to three loops [44, 45,
53℄ for both quarks and gluons, and we quoted the orresponding expressions through two
loops in eq. (2.8). The anomalous dimension Γ∧, in turn, is derived from the renormalisation
of the soft funtion S, that an be read o eq. (2.16)
µ
d
dµ
log S = −
∫ µ2
0
dλ2
λ2
γ
usp
(
αs(λ
2)
)− [Γ∧ (αs(µ2))+ γusp(αs(µ2)) log(β1 · β2)] . (2.23)
The equation above laries the meaning of the subsript ∧, whih symbolises the ontour
of the lightlike Wilson loop in the denition of the soft funtion eq. (2.13) that denes Γ∧.
This notation will be used throughout this paper and it will be generalised for dierent
ontours. Γ∧ is known to two loops [72℄ by diret omputation of the equation above
Γ∧ =
(αs
π
)2 Ci
4
(
−2bˆ0ζ2 − 56
27
Tfnf + CA
[
202
27
− ζ3
])
+O(α3s), (2.24)
where Ci is the quadrati Casimir dependent on the representation of the Wilson lines in
eq. (2.13). Using the results eq. (2.8) and eq. (2.24) we determine γJ/J to two loops. First
for quarks we have
γqJ/J =
(αs
π
) 3CF
4
+
(αs
π
)2{
CACF
(
11ζ2
24
− 7ζ3
4
+
1769
864
)
+ C2F
(
−3ζ2
4
+
3ζ3
2
+
3
32
)
−CFTfnf
(
ζ2
6
+
121
216
)}
+O(α3s). (2.25)
Then for gluons,
γgJ/J =
(αs
π
)
bˆ0 +
(αs
π
)2{
C2A
(
−11ζ2
24
− ζ3
4
+
137
54
)
+ CATfnf
(
ζ2
6
− 23
27
)
− CFTfnf
4
}
+O(α3s). (2.26)
We have thus isolated the hard-ollinear singularities of the form fator and found the
quantity γJ/J that governs this behaviour for quark and for gluons aording to eq. (2.21).
We emphasises that in ontrast to the onventional ollinear anomalous dimension γG given
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in (2.8), whih is spei to the form fator (reall (2.6) and (2.1)), the hard-ollinear
anomalous dimension γJ/J dened here is proess independent. This universality will now
be put to use. In the next setion we will onsider the fatorisation of parton distribution
funtions (PDFs) at large x where we will use the above two-loop results for γqJ/J and
γgJ/J given in (2.25) and (2.26) respetively, and ultimately identify the eikonal anomalous
dimension relevant to the PDF evolution.
3 Parton distribution funtions at large x
Parton distribution funtions, fAB(x), desribe the probability of nding parton A with
momentum fration x inside hadron (or parton) B. We will be interested here in PDF
evolution, whih is the same for the partoni and for the hadroni quantities, and will
therefore onsider partoni PDFs. PDFs are inherently dened at ross-setion level with
the need to ombine real and virtual radiation to anel soft singularities suh that only
pure ollinear singularities assoiated with the massless initial-state parton are kept. We
will see that in the elasti limit, x → 1, the ontributions from dierent regions fatorise
and laim that the hard-ollinear behaviour of the initial-state partons is desribed by γJ/J ,
the same anomalous dimension we identied in the fatorisation of the form fator.
3.1 Denition
The light-one PDF for a quark (gluon) in a parton P of momentum p with longitudinal
momentum fration x is given by [96℄
fbareqP (x, ǫ) =
1
2
∫
dy
2π
e−iyxp·u 〈P |ψ¯q(yu)γ · uWu(y, 0)ψq(0)|P 〉 (3.1)
fbaregP (x, ǫ) =
1
xp · u
∫
dy
2π
e−iyxp·u 〈P |Gµ+(yu)Wu(y, 0)G+µ(0)|P 〉 . (3.2)
The Wilson-line operator Wu is dened in eq. (2.11) and |P 〉 is either an on-shell quark or
gluon, P = q, g. We take the lightlike momentum p to be in the (+) diretion and then
the veloity four-vetor u is in the (−) diretion. It is worthwhile noting here that the bare
PDFs fbarej′j (x, ǫ) are saleless. This will be used later in the ontext of fatorisation. They
are renormalised through a onvolution,
fjk(x, µ) =
∑
j′
∫ 1
x
dz
z
Zjj′(z, αs, ǫ)f
bare
j′k (x/z, ǫ), (3.3)
where Zjj′ is a renormalisation fator, removing UV divergenes from the bare PDF in MS
sheme and fjk is the renormalised PDF. From the Zjj′(x, αs, ǫ) we an get the splitting
funtions,
d
d log µ
Zjk(x, αs, ǫ) = 2
∑
j′
∫ 1
x
dz
z
Pjj′(z, αs)Zj′k(x/z, αs, ǫ). (3.4)
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The RG evolution of the PDFs is governed by the DGLAP equations [4143℄:
d
d log µ
fjk (x, µ) = 2
∑
j′
∫ 1
x
dz
z
Pjj′(z, αs)fj′k(x/z, µ). (3.5)
The DGLAP splitting kernels Pjk are known to three loops [43, 5461, 91, 97100℄ with
some reent results at four loops [25, 27, 29℄.
3.2 Perturbative alulation at large x
In the limit x → 1 the diagonal terms in the splitting funtions, Pqq and Pgg, feature
divergent ontributions [46, 101103℄, namely
Pii =
γ
usp
(1 − x)+ +B
(i)
δ δ(1− x) + O (log(1− x)) , (3.6)
where the label i = q, g indiates quarks and gluons, respetively, and the plus distribution
is dened as usual, see e.g. [43℄.
+ Disc=
p+w
p+(1− x− w) p+(1− x)
Figure 2: The vertex orretion for the one-loop quark PDF. The left-hand side is the
standard sum over uts equating to the disontinuity of the amplitude. The double line is
the Wilson line while the solid blak line is a quark.
The splitting funtions are determined from the UV singularities of the PDFs dened in
eqs. (3.1) and (3.2), whih an be omputed perturbatively. We an relate these denitions
to time-ordered produts by the disontinuity in x,
fbareqq (x, ǫ) = Disx
1
2
∫
dy
2π
e−iyxp·u 〈p|T [ψ¯q(yu)γ · uWu(y, 0)ψq(0)] |p〉 . (3.7)
This relation, whih is illustrated diagrammatially in gure 2, an be derived as follows.
One rst splits the Wilson line in eq. (3.1) into two Wilson lines that extend to innity,
Wu(y,∞)Wu(∞, 0), one then inserts a omplete set of states between them and nally
identies the result as the disontinuity of the time-ordered produt. This relies on the
fat that the ondition x ≤ 1 selets the uts with positive energy [16, 104℄. One an think
that the oeient Bδ in eq. (3.6) is entirely determined by the ontribution of the virtual
diagrams, suh as the seond term in the left-handside in gure 2, however the expliit
alulation will lead to a dierent onlusion.
At one loop, the relevant diagram is shown in the right-hand side of gure 2, whih in
Feynman gauge reads
f g. 1qq = Dis
g2s
π
CF
∫
ddq
(2π)d
p+(p+ − q+)
(q2 + i0) ((p − q)2 + i0) ((p− k) · u+ i0) ((p− k − q) · u+ i0) ,
(3.8)
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where we used p and k respetively to denote the inoming and outgoing quark momenta,
and q the gluon momenta. For brevity, we also drop the supersript bare. It is straight-
forward to ompute the integral over q− by omplex analysis. This plaes a bound on q+
i.e. p+ > q+ > 0. The qT integral is saleless but as we are interested only in the UV
divergene it is simply a matter of replaing,∫
dd−2qT
(2π)d−2
1
q2T
→ e
ǫγE
(4π)1−ǫ
1
ǫ
. (3.9)
We then sale out p+ by dening q+ = p+w to produe an elegant integral representation,
f g. 1qq = Dis
iαs
π
CF
1
4π
1
ǫ
∫ 1
0
dw
1− w
(1 − x+ i0)(1 − x− w + i0) , (3.10)
where we have absorbed the (eγE4π)ǫ fators in the MS oupling. The representation in
eq. (3.10) has the advantage of ompatly displaying the sum over uts: individual uts
an be isolated by omputing the residues orresponding to eah of the propagator poles.
Using partial frationing,
1
1− x+ i0
1
1− x− w + i0 =
1
w
(
1
1− x− w + i0 −
1
1− x+ i0
)
(3.11)
so the full disontinuity of the integrand equals,
Dis
1
1− x+ i0
1
1− x− w + i0 =
1
w
(−2πi) (δ(1 − x− w)− δ(1 − x)) (3.12)
and we nd
f g. 1qq =
αs
2π
CF
ǫ
(
x
1− x − δ(1 − x)
∫ 1
0
dw
1− w
w
)
. (3.13)
Here the rst term is a real emission ut, while the seond, a virtual orretion. As usual,
the endpoint divergene in the rst term is ombined with the divergene as w → 0 in the
seond to give,
f g. 1qq =
αs
4π
CF
1
ǫ
(
2
(1− x)+ + 2δ(1 − x)− 2
)
. (3.14)
We emphasis that it is ambiguous to determine whih uts have ontributed to the δ(1−x)
term, as its oeient is only nite after anellation of soft divergenes between the real
and virtual uts.
We ombine eq. (3.14) with the mirror diagram representing the orretion of the right
vertex, whih yields an idential result, and with the box-type diagram, whih does not
ontribute to divergent terms at large x. We omplete the alulation of the (bare) PDF
by inluding the two diagrams featuring radiative orretions on the external legs
f SEqq = (Z2 − 1) δ(1 − x) = −
αs
4πǫ
CF δ(1 − x), (3.15)
where we used the wavefuntion renormalisation Z2 at one loop. The expression of the UV
singularities of the bare PDF at one loop reads
fbareqq = δ(1 − x) +
αs(µ
2)
4πǫ
CF
(
4
(1− x)+ + 3δ(1 − x) +O((1− x)
0)
)
+O(α2s). (3.16)
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Following eq. (3.3), we derive the renormalisation fator Zqq that anels the ultraviolet
divergene in the equation above
Zqq = δ(1− x)− αs(µ
2)
4πǫ
CF
(
4
(1− x)+ + 3δ(1 − x) +O((1− x)
0)
)
+O(α2s). (3.17)
Finally, we obtain the splitting funtion by omputing the derivative with respet to the
renormalisation sale eq. (3.5), whih yields the well-known result for the qq splitting fun-
tion
Pqq(x) =
αs
4π
CF
(
4
(1− x)+ + 3δ(1 − x) +O((1 − x)
0)
)
+O(α2s). (3.18)
The one-loop alulation with on-shell states is straightforward but at two loops and
beyond it beomes ompliated to disentangle the UV from the IR in the transverse in-
tegrals. To regularise the IR we an take the initial states to be o-shell p2 6= 0. The
intermediate expressions beome more verbose but introdues no major oneptual issues.
As the states are now unphysial the orrelators beome gauge dependent. It means that
the running of the gauge parameter, ξ → ZAξ has to be taken into aount in O(ǫ0) nite
terms. A similar observation was made in [32℄. Using this method we are able to arrive at
the integral representation similar to eq. (3.10) for eah two-loop diagram. For two loops it
is a two parameter integral with integrals over the plus omponent of the two loop momenta.
As an example, the diagram in gure 3 an be represented as
f (2),(e)qq = Dis
i
2π
CACF
Γ(ǫ)Γ(2ǫ)
Γ(1 + ǫ)
∫ 1
0
dydz y1−2ǫ(1− y)1−ǫ(1− z)−ǫz−ǫ
1− 2z
(1− x+ i0)(1 − x− y + i0)(1 − x− yz + i0) .
(3.19)
The three denominators orrespond to the three Wilson-line propagators after integration
over the (−) and transverse omponents of the two loop momenta. We distinguish the
ontribution of the real emission and the ones of the virtual orretions by applying partial
frationing as in eq. (3.11). The disontinuity of the rst propagator in eq. (3.19) is pro-
portional to δ(1−x) and it determines the virtual ontribution. The other two propagators
in eq. (3.19) orrespond to real emissions. Eah term features infrared divergenes, whih
anel in the sum of all uts. Furthermore, we notie that the real emission uts yield
UV poles that are proportional to δ(1 − x) and therefore ontribute to the Pqq splitting
funtion. This partiular alulation is detailed in appendix A, where we also present the
full two-loop results for quarks and gluons, diagram by diagram.
Our nal result for the splitting funtions eqs. (A.19) and (A.22) reprodues the known
results [43, 5461, 9799℄. These previous splitting funtion alulations have been per-
formed using dierent methods, inluding extrating them from orresponding deep inelas-
ti struture-funtion alulations [61℄, by means of the operator produt expansion [54
57, 60, 9799℄, by means of light-one axial gauge [105, 106℄, or by relating them to splitting
amplitudes [107℄. To our knowledge, our diret alulation is the rst of its kind. This
method has the advantage to show that not all the diagrams ontribute to the singular
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Figure 3: The diagram f
(2),(e)
qq
behaviour of the splitting funtions in eq. (3.6) and that the oeient Bδ inludes both
the virtual and the real orretions.
3.3 Fatorisation
As x → 1 the momentum of the nal-state parton tends to the initial-state one, meaning
that the ontribution from soft gluon radiation dominates. It then implies a fatorisation
of the renormalised PDFs at large x, allowing us to separate the hard-ollinear divergenes
from the soft divergenes [46, 108℄. In the following we shall only onsider diagonal splitting
funtions and sine the formulae apply to both quarks and gluons we shall drop the subsript
jj on the partoni PDF and related quantities and only speialise when needed. To fatorise
the PDFs we shall transform into Mellin spae,
f˜(N) =
∫ 1
0
dxxN−1f(x), (3.20)
where onvolutions beome produts. In this spae the divergent terms beome,
δ(1 − x)→ 1 1
(1− x)+ → − logN − γE . (3.21)
The large-x limit orresponds to the large-N limit. The fatorisation works in muh the
same way as the form fator by dening two jet funtions and two orresponding eikonal
jet funtions along with a soft funtion [46, 108℄,
f˜(N,µ) = H
(
(2p · n)2
n2µ2
, αs(µ
2)
) ∏
i=L,R
Ji
(
(2p·n)2
n2µ2
, αs(µ
2), ǫ
)
Ji
(
(2β·n)2
n2
, αs(µ2), ǫ
)
× S˜⊓
(
N,
β · uµ
p · u , αs(µ
2), ǫ
)
+O
(
logN
N
)
(3.22)
where the four-veloity β is in the p diretion and L and R indiate whih side of the ut the
jet funtions are (see gure 2). The renormalised parton distribution funtions are dened
as pure ounterterms in minimal subtration shemes, beause they an only depend on
the fatorisation sale. Sine the hard funtion H and the jet funtions Ji are the only
funtions with nite terms it must mean that their non-divergent terms anel suh that
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eq. (3.22) ontains only poles,
f˜(N,µ) =
 ∏
i=L,R
Ji
(
(2p·n)2
n2µ2
, αs(µ
2), ǫ
) ∣∣∣∣
pole
Ji
(
(2β·n)2
n2
, αs(µ2), ǫ
)
 S˜⊓
(
N,
β · uµ
p · u , αs(µ
2), ǫ
)
+O
(
logN
N
)
(3.23)
where J |
pole
has the same meaning as in eq. (2.20), that it is only the poles of the jet
funtion. As in the ase of the form fator, the soft funtion S˜⊓ resums the emission of
gluons with vanishing momenta in the eikonal approximation. We shall shortly see however
that while its ultraviolet behaviour is qualitatively the same as that of the form-fator soft
funtion in eq. (2.13), its infrared behaviour is qualitatively dierent, as it presents only
single poles.
The funtion S˜⊓ is dened by the Mellin transform of the x−spae soft funtion
S⊓
(
x,
β · uµ
p · u , αs(µ
2), ǫ
)
= (p · u)
∫
dy
2π
eiy(1−x) p·uW⊓
(
β · uyµ, αs(µ2), ǫ
)
, (3.24)
where W⊓ is the Wilson loop with ⊓−shaped ontour, see gure 1b (in ref. [46℄ it is dened
in the axial gauge),
W⊓
(
β · u yµ, αs(µ2), ǫ
) ≡ 〈0|T [Wβ(+∞, y)Wu(y, 0)Wβ(0,−∞)] |0〉 . (3.25)
Note that the time-ordering operation here ats on the produt of the three Wilson lines
together. The soft funtion an be written in this way, despite oming from a ross-setion
denition beause of the partiular relation between path-ordering and time-ordering [101℄.
The denition eq. (3.24) determines two important properties onerning the analyti
struture of W⊓, as argued in [101℄. First of all, the soft funtion has support in the
physial region with x ≤ 1 only if the singularities of W⊓ are loated on the positive
imaginary axis in the omplex y−plane. Indeed, if this is the ase, for x > 1 we an
lose the integration ontour in y in eq. (3.24) through the lower half-plane getting a
vanishing result. Furthermore, the reality of soft funtion implies that W⊓ is unhanged
by the transformation y → −y followed by omplex onjugation. Both these onditions are
satised if W⊓ is a holomorphi funtion in the variable
ρ(y) ≡ i(u · β y − i0) = (ρ(−y))∗ . (3.26)
In setion 4 we show that we an write the renormalised W⊓ as,
logW⊓ = −1
2
∫ µ2
0
dλ2
λ2
{
2γ
usp
(αs
(
λ2, ǫ
)
) log
(
ρ(y)µ√
2
)
+ Γ⊓(αs
(
λ2, ǫ
)
)
}
, (3.27)
where the fator
√
2 was introdued in order to identify µ as the MS renormalisation sale.
The quantity Γ⊓ will admit Casimir saling to three loops and the saling is determined by
the representation of the Wilson lines in eq. (3.25). Following ref. [101℄, the soft funtion
S˜ in the limit of large N , whih is onjugate to the behaviour of W⊓ at large y through the
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Fourier transform in eq. (3.24), is obtained to leading power in N by replaing y → −iN
in eq. (3.27), whih leads to
log S˜⊓ = −1
2
∫ µ2
0
dλ2
λ2
{
2γ
usp
(αs
(
λ2, ǫ
)
) log
(
Nµβ · u√
2p · u
)
+ Γ⊓(αs
(
λ2, ǫ
)
)
}
+O
(
logN
N
)
(3.28)
so that S˜⊓ admits the following evolution equation
µ
d
dµ
log S˜⊓ = −2γusp
(
αs
(
µ2
))
log
(
Nµ
β · u√
2p · u
)
− Γ⊓
(
αs
(
µ2
))
−
∫ µ2
0
dλ2
λ2
γ
usp
(
αs
(
λ2, ǫ
))
+O
(
logN
N
)
. (3.29)
Note that the UV behaviour of S˜⊓ is double logarithmi: the right-hand side of eq. (3.29) is
dominated by γ
usp
(αs(µ
2)) log µ2 and therefore it has the same UV behaviour as the one
of the form-fator soft funtion S in eq. (2.16). However, in ontrast with eq. (2.16), the
argument of the logarithm in eq. (3.28) is independent of λ and thus the IR behaviour in
eq. (3.29) is single logarithmi. Of ourse, it must be so also in view of eq. (3.23): there
both the renormalised PDF on the left-hand side and the hard-ollinear fator J |
pole
/J
feature single poles. The distint UV and IR behaviour in S˜⊓ is assoiated to the presene
of a length sale y in the denition of the soft funtion eq. (3.24). The soft funtion of
the form fator does not involve any sale and therefore eq. (2.16) has double logarithmi
behaviour both in the UV and in the IR.
As before with the form fator, we seek to isolate the hard-ollinear and the purely soft
ontributions from the Mellin transform eq. (3.20) of the splitting funtions in eq. (3.4),
P˜ (N,αs). The following argument is in the spirit of [63℄. As mentioned earlier, the
bare PDFs f˜bare(N, ǫ) formally vanish beause they are saleless in dimensional regular-
isation [109℄. They feature UV divergenes whih are renormalised by the splitting fun-
tions P˜ (N,αs) through Z˜(N,αs, ǫ), see eq. (3.3). They are also infrared divergent beause
there are massless on-shell inoming partons. The IR divergenes are the same as in the
renormalised PDFs desribed by eq. (3.23). In perturbation theory it must mean that in
f˜bare(N, ǫ) the IR poles math the UV poles. In a minimal subtration sheme the fator Z
in eq. (3.3) onsists of only poles. We are then able to onstrut f˜bare(N, ǫ) in a way that
separates the UV from the IR,
f˜bare(N) = Z˜(N)−1︸ ︷︷ ︸
UV

 ∏
i=L,R
Ji|pole
Ji
 S˜⊓(N) +O( logN
N
)︸ ︷︷ ︸
IR
, (3.30)
where we have suppressed the dependene on αs, the renormalisation sale µ, the kinemati
dependene of the funtions and ǫ. Let us now onsider the logarithm of both sides of
eq. (3.30) and ompute the derivative with respet to log (µ), using the evolution equation
for the ratio of jet funtions in eq. (2.21). The terms of the form∫ µ2
0
dλ2
λ2
γ
usp
(
αs
(
λ2, ǫ
))
, (3.31)
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anel between µ ddµ log S˜⊓ and µ
d
dµ log
J
J . The bare PDFs do not depend on the renormal-
isation sale so by using eqs. (2.21), (3.5) and (3.29) we get,
0 = µ
d
dµ
log f˜bare(N)
= −2P˜ (N) + 2γJ/J − 2γusp log
(√
2p · n
β · n
β · u√
2p · uN
)
− Γ⊓ +O
(
logN
N
)
(3.32)
The kinemati dependene in the argument of the logarithm anels upon identifying
p·n
β·n =
p·u
β·u =
p+
β+
. We now require the Mellin transform of eq. (3.6) at large N [46, 101103℄,
P˜ (N) = −γ
usp
logN +Bδ +O
(
logN
N
)
. (3.33)
Substituting this into eq. (3.32) the dependene on γ
usp
drops. This shows that the fator√
2 present in eq. (3.27) is indeed neessary for µ to be identied as MS sale. Comparing
the non-logarithmi terms in eqs. (3.32) and (3.33) we nally arrive at the relation,
2Bδ = 2γJ/J − Γ⊓. (3.34)
The above equation mirrors the form fator equation for γG in eq. (2.22). In both
equations the same hard-ollinear anomalous dimension, γJ/J is present. We now proeed
to use its universality to extrat Γ⊓ at two loops from the above equation. As in the form
fator ase to speialise to quarks or gluons we simply add a supersript i = q, g. Up to
two loops the expressions for Bδ may be read o the results in eq. (A.19) and eq. (A.22) of
the alulation in the appendix, in agreement with refs. [5461℄. They read
Bqδ =
(αs
π
) 3
4
CF+
(αs
π
)2{
CACF
(
11ζ2
12
− 3ζ3
4
+
17
96
)
+ C2F
(
−3ζ2
4
+
3ζ3
2
+
3
32
)
− CFTfnf
(
ζ2
3
+
1
24
)}
+O(α3s),
Bgδ =
(αs
π
)
bˆ0 +
(αs
π
)2{
C2A
(
3ζ3
4
+
2
3
)
− CATfnf
3
− CFTfnf
4
}
+O(α3s). (3.35)
Substituting these results into eq. (3.34) along with the values of γiJ/J alulated in eq. (2.25)
and eq. (2.26) we arrive at the same quantity for Γ⊓ for quarks and gluons up to an overall
Casimir saling:
Γ⊓ =
(αs
π
)2{Ci
2
(
−2bˆ0ζ2 − 56
27
Tfnf + CA
[
202
27
− 4ζ3
])}
+O(α3s). (3.36)
The fat that Casimir saling is reovered is expeted of ourse, as this quantity is dened
by Wilson lines. Nevertheless, reovering it by subtrating non-eikonal quantities is a
non-trivial onsisteny hek. It is worthwhile noting that only the ζ3 term is dierent
between
Γ⊓
2 and Γ∧ in eq. (2.24). The fator of two is present beause there are two usp
ontributions for the ⊓ ontour as opposed to one for the ∧ ontour. The dierent oeient
in front of ζ3 will be disussed further in setion 5.
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We have found the anomalous dimension that ontrols the non-ollinear soft divergenes
of the diagonal DGLAP kernels by separating it from the hard-ollinear behaviour that is
idential to that in the form fator. We shall now verify the above result, eq. (3.36), by
omputing it diretly.
4 Expliit alulation of Γ⊓
In this setion we derive the integral representation (3.27) of the renormalised Wilson loop
W⊓ dened in eq. (3.25) and we verify the two-loop result of eq. (3.36) for the anomalous
dimension Γ⊓ with a diret alulation. This provides a onsisteny hek of eq. (3.34),
whih follows form the all-order fatorisation in eq. (3.22).
The derivation of eq. (3.27) onsists of two parts: rstly we will ompute the bare
diagrams and the UV ounterterms related to the renormalisation of the QCD oupling on-
stant, then we will subtrat the short-distane singularities assoiated with the Wilson-line
operators, thus ompleting the renormalisation of logW⊓. The non-Abelian exponentiation
theorem [110113℄ allows us to determine diretly logW⊓ by omputing only the webs that
apture the maximally non-Abelian olour fators of eah Feynman diagram, as dened in
[113℄. Moreover, logW⊓ has a simpler singularity struture ompared to W⊓, whih allows
us to setup the renormalisation proedure diretly at the level of the webs.
We introdue the following parameterisation for the ontour of the Wilson loop W⊓
0 y
β
u
β x
µ(t) =

βµt t ∈ (−∞, 0)
uµt t ∈ (0, y)
yuµ + βµ(t− y) t ∈ (y,+∞)
(4.1)
We use the following Feynman rules in onguration spae for the gluon propagator in
Feynman gauge and for the gluon emission from the eikonal lines, respetively
=
N
[−x2 + i0]1−ǫ gµν , (4.2)
x0
v
= igs T
a vµ
∫
ddz
∫ ∞
0
dλ δd(z − x0 − λv), (4.3)
where T a is the SU(N) generator in the appropriate representation and N = −Γ(1−ǫ)
4π2−ǫ .
In setion 4.1 we onsider the one-loop alulation of log (W⊓) and then establish its
general form before and after renormalisation. In setion 4.3 we perform the alulation at
two loops, verifying the general struture and obtaining an expliit result for Γ⊓ onsistent
with eq. (3.36).
4.1 One-loop alulation
As a diret onsequene of the Feynman rules given above, all the diagrams that feature a
gluon exhange between two lines with the same lightlike veloity v are proportional to v2
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and therefore they are automatially zero. At one loop there will be only two non-vanishing
webs ontributing to log (W⊓)
d
(1)
A =
0 y
, d
(1)
B =
0 y
whih dier only by a translation and therefore yield the same result
d(1)(αs, β · uy, ǫ) = αs
π
(µ2π)ǫ (u · β) Ci Γ(1− ǫ)
∫ ∞
0
dt
∫ y
0
ds (−2β · u ts+ i0)−1+ǫ, (4.4)
where Ci, with i = A,F is the quadrati Casimir in the adjoint or in the fundamental
representation. We notie that the integral over the parameter t diverges both in the UV
limit t→ 0 and in the IR regime t→∞. This fat is a onsequene of the absene of any
sale assoiated with the integration over an innite Wilson line and it implies that the bare
diagram in eq. (4.4) yields a vanishing ontribution. Nevertheless, the diagram is non-trivial
after the renormalisation proedure, whih subtrats the divergene for t → 0 and allows
us to dene uniquely the integrand in eq. (4.4). In order to expose the analyti struture
of eq. (4.4) in terms of the variable ρ dened in eq. (3.26), we rotate the path along the
negative imaginary axis in the omplex t−plane. Then we hange variables t = −i√2λ,
s = −i√2 σu·β , obtaining
d(1)(αs, ρ, ǫ) = −αs
π
(4πµ2)ǫCi
Γ(1− ǫ)
2
∫ ∞
0
dλ
λ1−ǫ
∫ ρ√
2
0
dσ
σ1−ǫ
. (4.5)
The omplete result for log (W⊓) at one loop is given by twie the ontribution of eq. (4.5).
It is onvenient to write it with the fator (4πeγE )ǫ absorbed into the MS running oupling
as follows
logW bare⊓ = −
αs(µ
2)
π
e−ǫγE CiΓ(1− ǫ)
∫ ∞
0
dλ
λ
∫ ρ√
2
0
dσ
σ
(
λσµ2
)ǫ
+O(α2s). (4.6)
The label bare reminds us that eq. (4.6) still has the UV divergenes assoiated to the
usps of the Wilson loop in eq. (4.1), whih must be subtrated before IR singularities an
be identied. Indeed, it is onvenient to show expliitly that eq. (4.6) is independent on
the renormalisation sale, by writing the running oupling as
αs
(
µ2
)
= (µ2λσ)−ǫ αs
(
1
λσ
)
+
bˆ0
ǫ
(µ2λσ)−2ǫ
(
1− (µ2λσ)ǫ)αs( 1
λσ
)2
+O(α3s), (4.7)
whih leads to the expression
logW bare⊓ = −Ci
∫ ∞
0
dλ
λ
∫ ρ√
2
0
dσ
σ
αs
(
1
λσ
)
π
e−ǫγEΓ(1− ǫ) +O(α2s). (4.8)
4.2 Exponentiation and renormalisation
The integrand in eq. (4.8) is nite in the limit ǫ→ 0 and the singularities of logW⊓ arise only
after the integration over λ, σ. In partiular, following the oordinate-spae analysis of refs.
 22 
[72, 114, 115℄, we distinguish three possible types of singular behaviour: usp singularities,
whih are assoiated to the limit λ ≃ σ → 0 in whih all the verties approah a usp of
the Wilson loop; ollinear singularities, whih arise if either λ or σ approahes the usp,
while the other parameter stays nite; nally, the large-distane region with λ→∞, whih
determines the IR pole. At higher perturbative orders, individual diagrams feature soft
and ollinear subdivergenes when a subset of the verties approahes one of these limits,
whih give rise to poles of higher order ompared to those in eq. (4.8). However, owing to
its exponentiation property, upon onsidering the logarithm of the Wilson-line orrelator,
all the subdivergenes anel in the sum of webs at eah perturbative order [72, 108, 115
117℄. It is always possible to organise the alulation of log (W⊓) suh that the integral
over the position of the vertex that is loated at the largest distane along the innite
Wilson line is performed last. Thus, the single infrared pole will be generated only in the
nal integration, while all the subdivergenes of individual diagrams anel in the sum of
webs. This proedure, whih follows the presriptions of ref. [72℄, allows us to generalise
the representation of eq. (4.8) to all orders
logW bare⊓ =
∫ ∞
0
dλ
λ
∫ ρ√
2
0
dσ
σ
w
(
αs
(
1
λσ
)
, ǫ
)
, (4.9)
where the integrand w has an expansion in ǫ that involves only non-negative powers
w
(
αs
(
1
λσ
)
, ǫ
)
=
∞∑
n=0
wn
(
αs
(
1
λσ
))
ǫn. (4.10)
The representation eq. (4.9) is analogous to the one derived in [72℄ for the soft funtion of
the form fator, dened in eq. (2.13), with the dierene that in the latter ase the integrals
over both the parameters are unbounded. This is onsistent with the presene of a double
pole of long-distane origin in the form fator, as ompared to the single pole of this type
arising in eq. (3.27).
We now proeed with the renormalisation of the singularities of short-distane origin
that are present in the bare expression of eq. (4.9). Following [72℄, we notie that the
integral of w0 in eq. (4.9) generates double UV poles, whih are subtrated by utting
the integration domain with λ < 1µ , σ <
1
µ in eq. (4.9), where µ denes the subtration
point. The ontribution of wi with i ≥ 1 generate at most one UV singularity, whih we
subtrat in the last integration. In onlusion we derive the representation for the sum of
renormalised webs in onguration spae
log (W ren⊓ ) = −
∫ ∞
1
µ
dλ
λ
∫ ρ√
2
1
µ
dσ
σ
γ
usp
(
αs
(
1
λσ
))
−
∫ ∞
1
µ
dλ
λ
Γ⊓
(
αs
(
1
λ2
))
, (4.11)
where we performed the integral over σ by expanding the oupling onstant αs
(
1
λσ
)
at the
sale
1
λ2
, as in eq. (4.7)
αs
(
1
λσ
)
= αs
(
1
λ2
)(
λ
σ
)−ǫ
+
(
αs
(
1
λ2
))2 bˆ0
ǫ
(
λ
σ
)−2ǫ [
1−
(
λ
σ
)ǫ]
+O(α3s). (4.12)
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Eq. (4.11) diretly leads to the result eq. (3.27) from the web integrals in oordinate spae
and it allows us to extrat the oeients γ
usp
and Γ⊓. At one-loop order, we expand the
web in eq. (4.8) and we get
w
(
αs
(
1
λσ
)
, ǫ
)
= −αs
(
1
λσ
)
π
Ci
[
1 +O (ǫ2)]+O (α2s) . (4.13)
Applying the renormalisation proedure desribed above we nd
logW ren⊓ = −
Ci
π
∫ ∞
1/µ
dλ
λ
∫ ρ√
2
1/µ
dσ
σ
αs
(
1
λσ
)
+O(α2s)
=
αs(µ
2)
π
Ci
ǫ
log
(
ρµ√
2
)
+O(α2s), (4.14)
where we have used the fat that W⊓ onsists of pure poles. The pole is infrared and is
exatly the one that repliates the soft divergene of the PDF. We ompare eq. (4.14) with
the poles of eq. (3.27) getting
γ
usp
=
αs
π
Ci +O
(
α2s
)
,
Γ⊓ = 0 · αs +O
(
α2s
)
.
(4.15)
4.3 Two-loop alulation
We now apply the renormalisation proedure to the two-loop webs. Only a few diagrams
ontribute to this order and they are represented below
d
(2)
SE = , d
(2)
X2
= , d
(2)
X3
= ,
d
(2)
Ys
= , d
(2)
YL
= , d
(2)
3s = ,
(4.16)
where we omit the onguration that are simply obtained by mirror symmetry. The dia-
grams in the rst row of eq. (4.16) are omputed following the same steps as the one-loop
ase. As in the one-loop ase, we write the bare webs using the representation in eq. (4.9)
and we dene the integrand w
(2)
i of diagram d
(2)
i as,
d
(2)
i (αs, ρ, ǫ) =
∫ ∞
0
dλ
λ
∫ ρ√
2
0
dσ
σ
(
αs (1/λσ)
π
e−ǫγE
)2
w
(2)
i (ǫ). (4.17)
From now on we drop the arguments on di and wi whih are understood to have the
above arguments unless otherwise stated. The rst diagram, d
(2)
SE is obtained from eq. (4.4)
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by replaing the gluon propagator eq. (4.2) with the one-loop expression
D(1)µν (x) = −
αs
16π3
(
π2µ2
)ǫ Γ2(1− ǫ)
ǫ(1− 2ǫ)(3− 2ǫ)
[
CA(5− 3ǫ)− 4nfTf (1− ǫ)
]
× [−x2 + i 0]−1+2ǫ gµν , (4.18)
where we disarded the longitudinal omponents of the propagator, that are proportional
to ∂µ∂ν , beause they deouple from the amplitude via Ward identities [72℄. The result is
w
(2)
SE = −Ci
Γ2(1− ǫ)
8ǫ(1− 2ǫ)(3 − 2ǫ)
[
CA(5− 3ǫ)− 4nfTf (1− ǫ)
]
, (4.19)
in agreement with the results of [62, 72℄. We notie immediately that, at two-loop level,
the representation eq. (4.17) of the individual webs has subdivergenes, whih are manifest
as expliit poles in the integrand wi. In this ase the subdivergene is anelled by the
oupling renormalisation in the QCD Lagrangian that will be taken into aount later in
this setion. The double gluon exhange diagrams give
w
(2)
X2
= −CiCAΓ
2(1− ǫ)
8ǫ2
, (4.20)
w
(2)
X3
= −CiCAΓ
2(1− ǫ)
2ǫ
[
1
ǫ
−B(ǫ, 1 + ǫ)
]
. (4.21)
Both results are in agreement with the maximally non-Abelian ontributions of the diagrams
Wc and Wd reported in [62℄. The integrand of the diagram d
(2)
X2
in eq. (4.20) has poles of
short-distane origin, assoiated to the onguration shown below, where the two innermost
verties on the Wilson lines are in proximity of the usp
w
(2),subdiv
X2
= .
These subdivergenes are not related to QCD renormalisation and they will anel in the
sum of all webs. Eq. (4.21) is nite when ǫ → 0 as we disuss more in detail in appendix
B.2. The diagrams in the seond row of eq. (4.16) involve the three-gluon vertex, whose
Feynman rule in onguration spae reads
V a1a2a3µ1µ2µ3 (x1, x2, x3) = gsf
a1a2a3
[(
−i ∂
∂xµ31
+ i
∂
∂xµ32
)
gµ1µ2
+
(
−i ∂
∂xµ12
+ i
∂
∂xµ13
)
gµ2µ3 +
(
−i ∂
∂xµ23
+ i
∂
∂xµ21
)
gµ3µ1
]
.
(4.22)
We notie that the diagrams d
(2)
Ys
and d
(2)
YL
are not related by symmetry transformations,
beause the former has two gluon attahments on the segment of nite length y, while the
latter has two emissions from the semi-innite line. We begin with the alulation of d
(2)
Ys
d
(2)
Ys
= KY
∫
ddz
∫ 0
−∞
dt3
{∫ y
0
ds1
∫ y
s1
ds2
(
u · ∂
∂s2 u
)
−
∫ y
0
ds2
∫ s2
0
ds1
(
u · ∂
∂s1 u
)}
× [−(us2 − z)2 + i0]−1+ǫ [−(us1 − z)2 + i0]−1+ǫ [−(βt3 − z)2 + i0]−1+ǫ ,
(4.23)
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where we introdued the normalisation fator KY = ig
4
s
CiCA
2 N 3u · β. We write the dier-
ential operators in eq. (4.23) in terms of total derivatives as follows
u · ∂
∂s2 u
[−z2 + 2z · us2 + i0]−1+ǫ = d
ds2
[−z2 + 2z · us2 + i0]−1+ǫ , (4.24)
whih allows us to perform immediately the integrals over s2 and over s1, respetively in
the rst and in the seond term in urly brakets, by evaluating the appropriate propagator
at the endpoints of the integration interval. Eq. (4.23) beomes
d
(2)
Ys
= d
(2)
E (y u, u · β) + d(2)E (0, u · β)− 2d(2)B (u · β), (4.25)
in terms of the funtions
d
(2)
E (v, u · β) = KY
∫
ddz
∫ 0
−∞
dt
∫ y
0
ds
[−(βt− z)2]ǫ−1 [−(us− z)2]ǫ−1 [−(v − z)2]ǫ−1 ,
(4.26)
d
(2)
B (u · β) = KY
∫
ddz
∫ 0
−∞
dt
∫ y
0
ds
[−(βt− z)2]ǫ−1 [−(us− z)2]2ǫ−2 , (4.27)
where the presription +i0 is understood in every fator appearing in the integrals. Eah
funtion has a lear diagrammati interpretation, beause the integrands are produts of
salar propagators in oordinate spae. Thus, d
(2)
Ys
is deomposed in a sum of diagrams, as
disussed in [72℄, giving in one-to-one orrespondene with the three terms in eq. (4.25)
d
(2)
Ys
=
βt
z
us uy
+
βt
z
us0
− 2
βt
z
us
, (4.28)
where the dashed lines represent salar propagators and dotted verties on the Wilson line
indiate that the position of the end-point of the propagator is not be integrated over. We
integrate eqs. (4.26) and (4.27) over the position z of the three-gluon vertex and write the
results in the two-dimensional integral representation in eq. (4.17). We obtain
w
(2)
E (y u, u · β) = CiCA
Γ(1− 2ǫ)
16ǫ
[
B(−ǫ, 1− ǫ)−B(−ǫ, 1 + ǫ)
]
, (4.29a)
w
(2)
E (0, u · β) = CiCA
Γ(1− ǫ)Γ(1 − 2ǫ)
16ǫ
Γ(ǫ), (4.29b)
w
(2)
B (u · β) = CiCA
Γ2(1− ǫ)
16ǫ(1 − 2ǫ) . (4.29)
Let us disuss the singularity struture of the separate integrals above. The only one whih
is separately nite is eq. (4.29a), whih orresponds to the integrand of the rst diagram
in eq. (4.28). Eq. (4.29b) has single and double poles that will anel the orresponding
singularities in eq. (4.20). Indeed, the seond diagram in eq. (4.28), whih is assoiated to
the integrand in eq. (4.29b), has subdivergenes of short distane origin when the three-
gluon vertex approahes the usp, similarly to the behaviour shown by diagram d
(2)
X2
. The
single pole in eq. (4.29) is entirely due to the presene of a one-partile-irreduible UV
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divergent subgraph in the last diagram in eq. (4.28). Therefore, this singularity is removed
by the ounterterms of the QCD Lagrangian. Using these results, the total ontribution of
the diagram d
(2)
Ys
in eq. (4.25) agrees with the orresponding expression for diagram We in
[62℄ and in the notation of eq. (4.17) it reads
w
(2)
Ys
= −CiCA Γ(1− ǫ)
16ǫ2(1− 2ǫ)
[
Γ(1− ǫ)− 2Γ(2− 2ǫ)Γ(1 + ǫ)
]
. (4.30)
The next diagram, d
(2)
YL
, diers from eq. (4.23) only by the presene of the two gluon
attahments on the semi-innite Wilson line rather than on the nite one. One again, we
write the three gluon vertex in terms of total derivative and we deompose the diagram as
d
(2)
YL
= d
(2)
E (0, u · β)− 2d(2)B (u · β) ≡ − 2 , (4.31)
where we have used the funtion dened in eqs. (4.26) and (4.27). The omparison of
eqs. (4.25) and (4.31) shows that two diagrams dier only by the term featuring a salar
propagator onneted to the endpoint of the Wilson line. In the ase of d
(2)
YL
, the Wilson line
is innite and this term is absent. This result was shown in [72℄, by introduing a uto on
the innite line and arefully taking the limit to innity, whih does not ommute with the
integration over z. The same onlusion is found by omputing d
(2)
YL
in momentum spae,
as shown in appendix B.1. Using eqs. (4.29a), (4.29b) and (4.29) we get
w
(2)
YL
= CiCA
Γ(1− ǫ)
8ǫ
[Γ(1− 2ǫ)Γ(ǫ)
2
− Γ(1− ǫ)
1− 2ǫ
]
. (4.32)
By onstrution, the expression above has the same singularities as w
(2)
Ys
, beause the in-
tegrand of the diagram d
(2)
YL
diers from d
(2)
Ys
only by the funtion in eq. (4.29a), whih is
nite.
We ompute the diagram d
(2)
3s using the same proedure
d
(2)
3s = 2 d
(2)
E (yu, u · β) ≡ + , (4.33)
getting
w
(2)
3s = CiCA
Γ(1− 2ǫ)
8ǫ
[
B(−ǫ, 1− ǫ)−B(−ǫ, 1 + ǫ)
]
, (4.34)
whih is nite beause it involves only the funtion in eq. (4.29a). We renormalise the UV
divergenes assoiated with the QCD verties and propagators by means of the one-loop
ounterterm
d
(2)
ct = −
αs
4πǫ
[11
3
CA − 4
3
Tfnf
]
d(1), (4.35)
where d(1) is the result of the one-loop diagram eq. (4.5).
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Finally, we sum all the diagrams depited in eq. (4.16), inluding the symmetri on-
gurations whih are not shown there, getting
logW bare⊓ = 2d
(1) +
(
2d
(2)
SE
+ 2d
(2)
Ys
+ 2d
(2)
YL
+ 2d
(2)
X2
+ d
(2)
3s + d
(2)
X3
+ 2d
(2)
ct
)
,
= 2
{
d(1) + d
(2)
SE
+ 2d
(2)
YL
+ d
(2)
X2
+ d
(2)
ct
}
+ 2d
(2)
3s + d
(2)
X3
, (4.36)
where to get to the seond line we used the identity 2d
(2)
Ys
= 2d
(2)
YL
+ d
(2)
3s that is obtained
by omparing eqs. (4.28), (4.31) and eq. (4.33). The terms in urly brakets in the nal
expression are the same that appear in the alulation of the usped Wilson loop with
two semi-innite lightlike lines, disussed in [72℄. The last two ontributions in eq. (4.36)
are speial to the onguration of W⊓, where the semi-innite lines are onneted by a
nite lightlike segment. The nal expression in eq. (4.36) follows the deomposition of
polygon-shaped Wilson loops presented in [72℄. The distintion between the terms inside
and outside the urly brakets in eq. (4.36) stems from the struture of their singularities.
The former ones give rise to usp ongurations haraterised by double UV poles and
therefore they an be written in terms of the representation in eq. (4.9) with a nite
integrand. The last ontributions in eq (4.36) generate at most a single pole, assoiated to
the ongurations where all the verties simultaneously approah a lightlike segment, and
therefore their ombination will give rise to an integrand of order ǫ in eq. (4.9), as we verify
by expanding eqs. (4.21) and (4.34)
2w
(2)
3s + w
(2)
X3
=
3
2
ǫCiCA ζ3. (4.37)
Substituting the results in eqs. (4.19), (4.20), (4.21), (4.32) and (4.34) into eq. (4.36),
the integral representation of the bare diagrams reads
logW bare⊓ = Ci
∫ ∞
0
dλ
λ
∫ ρ√
2
0
dσ
σ
{
αs
(
1
λσ
)
π
e−ǫγEΓ(1− ǫ)
[
−1 + αs
(
1
λσ
)
π
11CA − 4Tfnf
12ǫ
]
+
(
αs
(
1
λσ
)
π
e−ǫγE
)2 [
CA
4
(
3(−4 + 3ǫ)Γ(1 − ǫ)Γ(2 − ǫ)
ǫ2(3− 8ǫ+ 4ǫ2) − 4πΓ(−2ǫ) cot
(πǫ
2
))
− Tfnf Γ(2− ǫ)Γ(−ǫ)
3− 8ǫ+ 4ǫ2
]}
. (4.38)
By expanding the equation above in ǫ we get
logW bare⊓ = −
∫ ∞
0
dλ
λ
∫ ρ√
2
0
dσ
σ
{(
αs
(
1
λσ
)
π
)[
1 +
ǫ2
2
ζ2 +O(ǫ3)
]
+
(
αs
(
1
λσ
)
π
)2 [
γ(2)
usp
+ ǫ
(
Γ
(2)
⊓ +
3bˆ0ζ2
2
)
+O(ǫ2)
]}
, (4.39)
where Γ
(2)
⊓ is the two-loop ontribution to Γ⊓ eq. (3.36),
Γ
(2)
⊓ =
Ci
2
(
−2bˆ0ζ2 − 56
27
Tfnf +CA
[
202
27
− 4ζ3
])
. (4.40)
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Now we renormalise using the proedure outlined in the one-loop ase, see eq. (4.11).
For the terms of O(ǫ0), the usp terms, we integrate from 1/µ on both integrals. For all
subsequent terms, the σ integral is performed rst, integrating from 0 to ρ√
2
. Then the
parameter λ integrated from 1µ . By doing this we get,
logW⊓ = αs(µ2)
1
ǫ
log
(
ρµ√
2
)
+ αs(µ
2)2
{
− bˆ0
2ǫ2
log
(
ρµ√
2
)
+
1
ǫ
(
1
4
Γ
(2)
⊓ +
1
2
γ(2)
usp
log
(
ρµ√
2
))}
. (4.41)
Again it is reminded that we have used the fat that W⊓ onsists of pure poles. The above
is reprodued by eq. (3.27)
logW⊓ = −1
2
∫ µ2
0
dξ2
ξ2
{
2γ
usp
(αs(ξ
2, ǫ)) log
(
ρµ√
2
)
+ Γ⊓(αs(ξ2, ǫ))
}
. (4.42)
By this point we have determined the anomalous dimension Γ⊓ in two dierent ways, rst
by extrating it from the evolution of PDFs using the universality of the hard-ollinear
poles J/J and now by a diret omputation of the renormalisation of the orresponding
Wilson-line orrelator.
5 Relating Wilson line geometries to physial quantities
In this setion we establish a set of relations between dierent physial quantities, based
on the properties of the Wilson loops disussed in setion 4. In setion 5.1 we will show
that the single infrared poles in the quark and in the gluon form fators are related to the
orresponding diagonal term in the DGLAP kernels by a preise eikonal quantity that is
assoiated to the geometry of the Wilson loops with lightlike lines. The latter emerges as
the dierene between the anomalous dimensions assoiated with a wedged Wilson loop
with two semi-innite lines and a ⊓−shaped Wilson loop. This dierene, in turn, an be
expressed as the anomalous dimension assoiated with a parallelogram (or more generally) a
polygon with lightlike segments. In setion 5.2 we use this relation to extrat the anomalous
dimensions assoiated with a polygon Wilson loop to three loops, whih is related to the
soft anomalous dimension appearing in the resummation of threshold logarithms in the
Drell-Yan proess. Finally we extrat the fermioni omponents of the four-loop result in
the planar limit.
5.1 Relating the form fator with the DGLAP kernels
The diret alulation of the anomalous dimension Γ⊓ in setion 4 onrms the identity in
eq. (3.34)
2Bδ = 2γJ/J − Γ⊓, (5.1)
whih follows from the fatorisation of the parton distribution funtions for large x. This
identity is interpreted as a deomposition of Bδ, whih was dened in eq. (3.33) as the
oeient of the delta distribution in the splitting funtions in the limit x → 1, into the
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ontribution of the hard-ollinear radiation, γJ/J , and the purely soft one, whih is enoded
by Γ⊓. In eq. (5.1) we suppressed the dependene on the external parton: the relation holds
for both quarks and gluons. The hard-ollinear ontribution γJ/J is proess independent,
as disussed in setion 2.2 in the ontext of the infrared fatorisation of the form fator.
Indeed, eq. (2.22) provides the analog of eq. (5.1)
γG = 2γJ/J − Γ∧, (5.2)
where γG is the anomalous dimension that determines the single poles of the form fator.
By omparing eq. (5.1) and eq. (5.2) we derive the relation
γG − 2Bδ = Γ⊓ − Γ∧, (5.3)
whih onnets the single poles in the form fator with the diagonal DGLAP kernels. The
two quantities appearing on the left-hand side of eq. (5.3) depend on both the spin and the
olour representation of the external partiles in a non-trivial way. In ontrast, the right-
hand side involves the anomalous dimensions of two eikonal quantities, whih depend only
on the olour representation of the partiles and obey Casimir saling up to three loops.
Therefore, eq. (5.3) allows us to interpret the funtion f
eik
eq. (1.1), whih was introdued
in [44, 45℄ as the dierene f
eik
≡ γG − 2Bδ, in terms of the anomalous dimensions of
Wilson-line orrelators. By substituting the two-loop expressions of Γ⊓ and Γ∧ from diret
alulations, respetively in eqs. (3.36) and (2.24), into the right-hand side of eq. (5.3)
we reprodued the two-loop result obtained from the dierene of γG and Bδ in ref. [45℄,
namely
f
eik
=
(αs
π
)2
Ci
[
CA
(
−11ζ2
24
− 7
4
ζ3 +
101
54
)
+ Tfnf
(
ζ2
6
− 14
27
)]
+O (α3s) , (5.4)
thus verifying eq. (5.3) through two loops.
The dierene of anomalous dimensions appearing on the right-hand side of eqs. (5.3)
has also a geometri interpretation, whih suggests to dene it as universal quantity. Fol-
lowing the analysis of the singularities of the Wilson loops with lightlike lines detailed in
ref. [72℄ and the alulation in setion 4 above, the anomalous dimensions Γ⊓ and Γ∧ reeive
ontributions only from the singular ongurations, in whih all the verties approah one
lightlike line. In this sense, these anomalous dimensions depend only on the features of eah
lightlike line separately and they are insensitive on the global shape of the Wilson loop.
Both Γ⊓ and Γ∧ enode the ollinear singularities assoiated with the two semi-innite
lightlike lines, but the former reeives an additional ontribution from the ongurations
that are ollinear to the nite segment. Suh singularities dier from the ones originating
from innite lines by the presene of endpoint ontributions, as we showed by omputing
the diagrams d
(2)
Ys
and d
(2)
YL
in eqs. (4.28) and (4.31). It is therefore useful to dene the dif-
ferene of Γ⊓ and Γ∧ as the anomalous dimension that aptures the ollinear singularities
of a nite lightlike segment. Similarly, we dene also the ollinear anomalous dimension
assoiated to innite lines in terms of Γ∧ only
Γn
o
≡ Γ⊓ − Γ∧ , (5.5)
Γinf
o
≡ Γ∧
2
. (5.6)
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The two-loop expression of Γn
o
oinides with the right-hand side of eq. (5.4), while Γinf
o
to
the same order is obtained from eq. (2.24). Comparing the two expressions we get
Γn
o
= 2Γinf
o
− 3
2
(αs
π
)2
CiCA ζ3 +O
(
α3s
)
. (5.7)
The fator of two multiplying Γinf
o
is onsistent with the fat that the nite Wilson line is
obtained as a ontour involving two semi-innite lines. The remaining disrepany propor-
tional to ζ3 is related to the endpoint ontributions in eq. (4.37).
The geometri interpretation of Γn
o
and Γinf
o
allows one to derive the anomalous di-
mensions of Wilson loops with the ontour onsisting of arbitrary, possibly open, polygons
with lightlike lines. The rst example is the parallelogram-shaped Wilson loop W that
features four lightlike segments of nite length (see gure 1), whose renormalisation was
given in [62℄
µ
d log (W)
dµ
= −2γ
usp
[
log
(
µ2(x · y + iε)) + log (µ2(−x · y + iε))]− Γ, (5.8)
where xµ and yµ are the four-vetors that dene the sides of the parallelogram. Γ reeives
ontributions from the ollinear divergenes of four nite segments in lightlike diretions,
therefore it is
Γ = 4Γ
n
o
= 4 (Γ⊓ − Γ∧) . (5.9)
By replaing in the equation above the two-loop value of Γn
o
in eq. (5.4), we reprodue the
results of Γ in ref. [62℄. In the ase of a generi polygonal Wilson loop Wi with lightlike
lines the evolution equation in eq. (5.8) generalises [62, 72℄
µ
d log Wi
dµ
= −
∑
a
γ
usp
log
(
µ2xa · xa−1
)− Γi, (5.10)
where the sum is extended over all the usps in the ontour and xµa , x
µ
a−1 dene the sides
adjaent to the usp a. The anomalous dimension Γi ollets all the ollinear ontributions
and it an be derived by summing the appropriate multiples of Γn
o
and Γinf
o
, given by the
number of nite and innite sides, respetively.
Finally, having identied the dierene Γ⊓ − Γ∧ = Γ4 in eq. (5.9), we may notie that
eq. (5.3) provides yet another identity relating the form fator, the DGLAP kernel and the
Wilson loop W omputed in ref. [62℄, namely
γG − 2Bδ = Γ
4
, (5.11)
thus explaining the numerial agreement of these two quantities omputed respetively in
ref. [45℄ and in ref. [62℄.
5.2 The Drell-Yan soft funtion and Γ beyond two loops
We move to relate the abstrat W to a physial quantity relevant for soft-gluon resumma-
tion. It is known that the Drell-Yan ross-setion fatorises near threshold [15℄ (see also
the more reent literature in the Soft Collinear Eetive Theory [6, 17℄). The hard-ollinear
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region is desribed by the PDFs, the hard funtion by a squared timelike form fator and
the soft region by Wilson lines in the DY onguration [52℄. This leads to the all-order
relation γG − 2Bδ = ΓDY/2, where ΓDY is the anomalous dimension assoiated to the DY
onguration of Wilson lines (see e.g. [5, 6℄). Using eq. (5.11) we have,
2Γ
DY
= Γ. (5.12)
The ideas in setion 5.1 will allow us to test the identiation in eq. (5.12). The three-loop
value for γG − 2Bδ was rst extrated in [45℄ using the three-loop results for γG and Bδ. If
we expand Γ as,
Γ =
∞∑
n=0
(αs
π
)n
Γ
(n)

, (5.13)
using the values in [45℄ we an then state
Γ
(1)

= 0 (5.14)
Γ
(2)

= Ci
[
CA
(
−11ζ2
6
− 7ζ3 + 202
27
)
+ Tfnf
(
2ζ2
3
− 56
27
)]
(5.15)
Γ
(3)

= Ci
[
C2A
(
22ζ22
5
+
11ζ2ζ3
3
− 6325ζ2
648
− 329ζ3
12
+ 12ζ5 +
136781
11664
)
+ CAnfTf
(
−12ζ
2
2
5
+
707ζ2
162
+
91ζ3
27
− 5921
2916
)
+CFnfTf
(
4ζ22
5
+
ζ2
2
+
38ζ3
9
− 1711
216
)
+ n2fT
2
f
(
−10ζ2
27
+
28ζ3
27
− 520
729
)]
. (5.16)
As mentioned in setion 5.1, the two-loop Γ
(2)

was alulated expliitly using Wilson lines
in [62℄ and agrees with the extrated value in eq. (5.15). The three-loop Γ
(3)

displayed in
eq. (5.16) should be regarded as a predition to be veried by diret alulation. For the
Drell-Yan onguration of Wilson lines, Γ
DY
was omputed at two loops in [52℄ and three
loops in [20℄. The three-loop Γ
DY
oinides with eq. (5.16). This is a non-trivial three-loop
test of the identiation in eq. (5.12), we arrive at the same value for Γ
(3)

by two dierent
paths: the dierene γG − 2Bδ = Γ⊓ − Γ∧ = Γ/4 and the expliit alulation of ΓDY.
At four loops the omplete piture in QCD for Γ is unknown but in planar N = 4
super Yang-Mills the four-loop result for the dierene γG − 2Bδ was found in [39℄. We
identify this as Γplanar N=4

and quote the result here,
Γplanar N=4

=−
(αs
π
CA
)2
7ζ3 +
(αs
π
CA
)3(
12ζ5 +
11
3
ζ2ζ3
)
−
(αs
π
CA
)4(425
16
ζ7 +
13
2
ζ2ζ5 +
45
4
ζ3ζ4
)
+O(α5s) (5.17)
It is well-known that to reah the above result one an simply take the QCD result and
take the limit Nc → ∞ and the maximal transendental weight term at eah order in αs.
We an do this at two and three loops by looking at eqs. (5.4) and (5.16) respetively.
Above three loops, strit Casimir saling has been proven to fail [27, 28, 35℄. As suh,
we need to distinguish between quarks and gluons or rather partiles in the fundamental
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and adjoint representation. We fous on the quark ase. To ompute Γ
(4),q

we need Bqδ and
γqG at four loops. The state of the art is that some olour strutures are known for both
Bqδ [25, 27℄ and γ
q
G [26℄ in the planar limit, Nc → ∞. Using the values in [26, 27℄ we an
extrat the following terms in that limit for Γ
(4),q

,
Γ
(4),q

|N3c nf =−
247315
55296
+
51529ζ2
11664
+
102205ζ3
31104
− 7589ζ4
768
− 185ζ5
288
− 103ζ2ζ3
144
+
15611ζ6
3456
+
22ζ23
9
(5.18)
Γ
(4),q

|N2c n2f =
329069
2239488
− 22447ζ2
93312
+
6325ζ3
7776
+
35ζ4
96
− 107ζ5
144
− 11ζ2ζ3
72
(5.19)
Γ
(4),q

|Ncn3f =−
505
26244
− ζ2
648
− 25ζ3
1944
+
ζ4
27
(5.20)
where we have used Tf =
1
2 . We are unable to dedue the N
4
c n
0
f term as it is unknown
for γG but it is known for Bδ [27℄. In the planar limit Nc → ∞ the quarti Casimirs
d
(4)
FF ≡
(
dabcdF
)2
ontribute to the olour fator in eq. (5.18) sine,
nf
d
(4)
FF
NF
= nfT
4
f
(
N3c
6
− 7Nc
6
+
4
Nc
− 3
N3c
)
. (5.21)
It means that we are unable to fully onstrut the Casimir saling of N3c nf . The full (planar
and non-planar) ontribution of the quarti Casimir olour fator d
(4)
FF to γG is known [30℄
but not to Bδ. Only the low-N values of the splitting funtions or γusp is known [29, 32℄.
In [29℄ it was also found that, within numerial errors, quarti Casimir ontribution to the
usp anomalous dimension did not depend on the representation, i.e. it is the same for
gluons and quarks. It was onjetured that although Casimir saling is violated there is
a generalised version where quarti fators are simply exhanged depending on gluon or
quarks,
quarks↔ gluons
d
(4)
FA
NF
↔ d
(4)
AA
NA
(5.22)
nf
d
(4)
FF
NF
↔ nf
d
(4)
FA
NA
where NF/A denote the dimensions of the orresponding representations, namely NF =
Nc = CA and NA = N
2
c − 1 = 2NcCF . The relation in eq. (5.3) may be used as an
interesting test for a generalised Casimir saling extension to the anomalous dimension Γ.
However, the quarti Casimirs do not appear in the n2f or n
3
f terms of eqs. (5.19)
and (5.20). We are then able to use these terms for a leading-Nc, Casimir-saling part of
Γ
(4)

. We put these terms together with the onjetured generalised saling to reate an
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ansatz for Γ
(4)

,
Γ
(4)

= Ci
[
n3f
(
− 505
13122
− ζ2
324
− 25ζ3
972
+
2ζ4
27
)
+Ncn
2
f
(
329069
1119744
− 22447ζ2
46656
+
6325ζ3
3888
+
35ζ4
48
− 107ζ5
72
− 11ζ2ζ3
36
)
+ · · ·
]
+ nf
d
(4)
F i
Ni
Γ
(4),dF i

+
d
(4)
Ai
Ni
Γ
(4),dAi

, (5.23)
where the ellipsis represents all terms subleading in Nc, inluding the n
1
f and n
0
f terms,
whih are not found from the quarti Casimirs when they are expanded in Nc.
6 Conlusion
We have presented a detailed study of the infrared fatorisation of form fators and PDFs
at large x using a ommon formalism. By identifying the universal ontributions from the
hard-ollinear region in both quantities, those ontrolled by the anomalous dimension γJ/J ,
we were able to derive the relation in eq. (5.3),
γG − 2Bδ = Γ⊓ − Γ∧ = Γ
4
. (6.1)
That is, the dierene between anomalous dimension desribing single poles in the on-shell
form fator of quarks (gluons) and that assoiated with the δ(1 − x) term in the large-
x limit of the quark (gluon) diagonal DGLAP splitting funtion, redues to a dierene
between orresponding eikonal quantities, Γ∧ and Γ⊓ dened diretly in terms of Wilson
loops. Furthermore, based on the onguration-spae origin of the ontributions to these
two eikonal quantities we onluded that their dierene simply orresponds to the anoma-
lous dimension assoiated with a losed polygonal Wilson loop, suh as the parallelogram
analysed rst in ref. [62℄. The ontributions of the semi-innite Wilson lines in W⊓ and W∧
anel in the dierene. We emphasise that while eah of the quantities on the left-hand
side of eq. (6.1) depends in a non-trivial way on the spin of the partons, in addition to
their olour representations, yielding very dierent results for quarks and for gluons, the
eikonal quantities, by denition, depend only on the olour representation of these partons,
and in partiular admit Casimir saling through three loops. We stress that the relation in
eq. (6.1) is expeted to hold to all orders in perturbation theory. An obvious next step is
to ompute Γ to three loops in order to hek it expliitly to this order.
In establishing the relation between Γ and Γ⊓−Γ∧ we used the fat that singularities
arise only from ongurations where all the verties approah a usp or one where they
all approah a partiular lightlike segment [72℄. This underlies the anellation of the two
innite segments, isolating a remaining nite segment. The very same logi may be applied
to other, more ompliated Wilson-line geometries involving both nite and semi-innite
lightlike segments. Speially, the double pole is always governed by γ
usp
while the single-
pole anomalous dimension is written as a sum of terms, building bloks, eah orresponding
to either a nite or semi-innite segment, whih ontribute Γn
o
and Γinf
o
, respetively. An
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example of suh a onstrution with only nite segments an be found in refs. [118120℄,
where polygons of up to six sides were omputed to two loops. Following our disussion
in setion 5.1 it may interesting to expliitly ompute other Wilson-line ongurations
involving both nite and innite segments. A simple example of diret relevane to physis
is the non-forward amplitude, generalising the ⊓ onguration.
One interesting aspet that we have enountered is that W⊓ behaves very dierently
in the ultraviolet as ompared to the infrared, as an be seen expliitly in eq. (4.42). In the
ultraviolet, one enounters a double logarithmi dependene on the sale µ2, originating
from the usp singularity, while in the infrared there is just a single pole. This stands in
sharp ontrast to the W∧, orresponding to the soft funtion of the form fator (2.16) (or
more generally, in soft funtions orresponding to multi-leg amplitudes) where the infrared
behaviour entails a double pole, mirroring the ultraviolet. The absene of any distane sale
in the relevant Wilson-line ontour implies suh mirroring. Indeed the symmetry between
the ultraviolet and the infrared is broken in W⊓ due to the presene of the sale β · y. The
single-pole harater of W⊓ an be seen as intermediate in omparing W, whih laking
innite rays, is infrared nite, to W∧, whih is double logarithmi.
The relation in eq. (5.12) between the soft anomalous dimension in Drell-Yan produ-
tion and the parallelogram W is interesting in its own right. The Drell-Yan soft funtion
involves real gluon emission diagrams where the propagators onneting the amplitude side
to the omplex-onjugate one are ut, while inW there are no ut propagators. A possible
way to explain
6
this is to reall that a parallelogram made of four lightlike segments fea-
tures two usps where the exhanged gluons span timelike distanes and two others where
gluons span spaelike distanes. The latter orrespond to diagrams that feature in virtual
orretions to the Drell-Yan proess (these propagators are not ut). In turn, the former
are naturally time-ordered, beause there path-ordering oinides with time-ordering (just
as in the ase of the W⊓, disussed below eq. (3.25)) and ould be omputed using either
ut propagators or ordinary ones, giving the same answer. This way the alulation of the
parallelogram an be mapped into that of the Drell-Yan soft funtion. It would be interest-
ing to turn this argument into a proof relating the two Wilson line ongurations diretly.
It would also be interesting to explore in this ontext the onformal mapping tehniques of
ref. [50, 51℄.
Another interesting diretion to explore is the onnetion between partoni amplitudes
in the Regge limit and anomalous dimensions of Wilson lines. In partiular, one would like
to derive the relation between the Regge trajetory and W∧ in eq. (1.6) and understand its
generalisation to higher orders.
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A Diret alulation of the Splitting Funtions at large x
In this appendix we present a alulation for parton distribution splitting funtions diretly
using the denition eqs. (3.1) and (3.2). As explained in the main text we take inoming
partons to be o shell p2 6= 0 but with zero transverse momentum p = (p+, p
2
2p+
,0d−2). This
regulates the infrared suh that we are only exposed to UV poles.
To alulate a single diagram there is a general strategy talked through in the main
text with a slight hange for the o shell ase:
• Write down the integral using Feynman rules
• Integrate over the minus omponent of all loop momenta using Cauhy's residue
theorem. This provides onstraints on the plus omponent of loop momenta due to
the loation of the poles.
• Integrate over the transverse omponent of all loop momenta. As we are only inter-
ested in the UV divergent terms, this an be simplied to just alulating iterated
bubbles at two loops. Although we do need to alulate the nite terms of one loop
graphs to perform the renormalisation.
• Resale the plus omponent to arrive at a general form suh as,
Dis
∫ 1
0
dydz
N(x, y, z, ǫ)
(1 − x+ iε)(1 − x− y + iε)(1 − x− yz + iε) . (A.1)
The denominators orrespond to the Wilson line propagators.
• Now we take the disontinuity in x and perform the nal integrations. Often these
integrals evaluate to 2F1 funtions at two loops.
• Finally we expand in ǫ using,
(1− x)−1−mǫ = − 1
nǫ
δ(1 − x) + 1
(1− x)+ +
∞∑
n=1
(−mǫ)n
n!
(
log(1− x)n
1− x
)
+
. (A.2)
For brevity of results we shall dene,
δ = δ(1 − x) P = 1
(1− x)+ L
n =
logn(1− x)
(1− x)+ . (A.3)
Also, all the following expressions are valid up to but not inluding terms that diverge as
slowly as log(1− x).
For PDFs we expand in powers of
(
αs
4π
)
,
fii =
∞∑
n=0
(αs
4π
)n
f
(n)
ii . (A.4)
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Example Let us illustrate the above steps. For this we hoose the two loop diagram in
gure 4e. The Feynman rules for the diagram, in Feynman gauge, give,
Dis
ig4s
2π
CACF
∫
ddq1
(2π)d
∫
ddq2
(2π)d
p+(p+ − q1+)(2q2+ − q1+)
q22q
2
1(q1 − q2)2(p− q1)2
× 1
(p− k) · u (p − k − q1) · u (p − k − q2) · u, (A.5)
where k · u = xp+ and the +iε presription is implied. It is reminded that the Wilson line
diretion u is in the (-) diretion, u = (0, 1,0d−2).
We shall dene f
(2),(e)
qq to be the ontribution to f
(2)
qq of diagram gure 4e. When
integrating the q1− and q2− omponents using the residue theorem, onstraints are plaed
on the plus momenta,
p+ > q1+ > q2+ > 0. (A.6)
The integrations over the transverse omponents are just iterated bubbles. Resaling the
plus omponent we arrive at,
f (2),(e)qq = Dis
i
2π
CACF
Γ(ǫ)Γ(2ǫ)
Γ(1 + ǫ)
∫ 1
0
dydzy1−2ǫ(1− y)1−ǫ(1− z)−ǫz−ǫ
1− 2z
(1− x+ iε)(1 − x− y + iε)(1 − x− yz + iε) . (A.7)
Taking the disontinuity we use,
Dis
1
(1− x+ iε)(1 − x− y + iε)(1 − x− yz + iε)
= (−2πi)
(
δ(1 − x)
(1− x− y)(1− x− yz) +
δ(1− x− y)
(1− x)(1− x− yz) +
δ(1 − x− yz)
(1− x)(1 − x− y)
)
.
(A.8)
There are three separate terms now to alulate. The rst is the virtual ut and evaluates
to,
f (2),(e),(V )qq = CACF
(
1
4ǫ4
+
1
ǫ3
+
1
ǫ2
(
7
2
− ζ2
4
)
+
1
ǫ
(
−ζ2 − 8ζ3
3
+
23
2
))
δ (A.9)
The seond and third are real uts,
f (2),(e),(R1)qq = CACF
(
− δ
4ǫ4
+
P − δ
2ǫ3
+
1
ǫ2
((
−ζ2
4
− 1
)
δ + P − L
)
+
1
ǫ
(
δ
(
−ζ2
2
+
7ζ3
6
− 2
)
+
(
ζ2
2
+ 2
)
P − 2L+ L2
))
(A.10)
f (2),(e),(R2)qq = CACF
(−δ − P
2ǫ3
+
1
ǫ2
(
(ζ2 − 1)δ + 1
2
P +
3
2
L
)
+
1
ǫ
(
δ
(
−ζ2
2
+ ζ3 − 2
)
+
(
1− 5ζ2
2
)
P − 1
2
L− 7
4
L2
))
(A.11)
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In the sum we nd,
f (2),(e)qq = CACF
(
1
ǫ2
((
ζ2
2
+
3
2
)
δ +
3
2
P +
1
2
L
)
+
1
ǫ
(
δ
(
−2ζ2 − ζ3
2
+
15
2
)
+ (3− 2ζ2)P − 5
2
L− 3
4
L2
))
(A.12)
Above we see a salient feature of two loop diagrams: individual uts are ǫ−4 and ǫ−3
divergent. These are poles from when the emitted gluon goes soft and anel in the sum of
real and virtual uts. The remaining divergenes are UV, whose renormalisation gives the
splitting funtions. The L and L2 terms are present in individual diagrams but anel in
the ombination suh that the splitting funtions diverge as in eq. (3.33).
Another feature is that we found that the real uts, eqs. (A.10) and (A.11), ontribute
to Bδ. Rather than inferring the oeient of δ from sum or momentum onservation rules,
we are able to state that for the o-shell extration of the splitting funtions, real uts
ontribute to δ(1 − x).
We now alulate the two loop diagonal splitting funtions at large x for quarks and
gluons.
A.1 Calulating Pqq
The one loop ontributions are gures 4a and 4b and the self energy on eah external leg.
They sum to,
f (1)qq = f
(1),(a)
qq + 2f
(1),(b)
qq + f
(1),SE ext
qq
= CF
(
1
ǫ
(4P − (ξ − 3)δ) − δ(ξ + 4ζ2 − 7) + (ξ − 1)P − 4L
)
, (A.13)
where ξ is the gauge parameter in a general ovariant gauge. The two loop ontributions
are shown in gures 4 to 4m. They exlude self energies on external legs. Their alulation
was performed in Feynman gauge ξ = 1 and the results are,
f (2),(c)qq = CF (CA − 2CF )
[
1
ǫ2
(2ζ2δ) +
1
ǫ
(−4ζ3δ − 4ζ2P )
]
f (2),(d)qq = C
2
F
[
1
ǫ2
((4− 8ζ2)δ + 8P + 8L) + 1
ǫ
(
(16 − 8ζ2)δ + (8ζ2 + 16)P − 8L− 12L2
) ]
f (2),(e)qq = CACF
[
1
ǫ2
((
ζ2
2
+
3
2
)
δ +
3
2
P +
1
2
L
)
+
1
ǫ
(
δ
(
−2ζ2 − ζ3
2
+
15
2
)
+ (3− 2ζ2)P − 5
2
L− 3
4
L2
)]
f (2),(f)qq = CACF
[
1
ǫ2
(
δ + 2P +
1
2
L
)
+
1
ǫ
(
δ
(
−5ζ2
2
− ζ3 + 3
)
+
(
7
2
− ζ2
)
P − 3L− 3
4
L2
)]
f (2),(g)qq = CF (CA − 2CF )
[
1
ǫ2
((1− ζ2)δ + P + L)
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(a) 1 (b) 2 () 1
(d) 1
(e) 2 (f) 2
(g) 2
(h) 2
(i) 2
(j) 1 (k) 1 (l) 2
(m) 2
Figure 4: Large-x divergent ontributions to the quark-quark parton distribution up to
two loops. The grey blob represents a self energy insertion. Eah diagram has a multiple
fator displayed. Insertions on external legs are exluded.
+
1
ǫ
(
δ(−2ζ2 − 3ζ3 + 5) + 2P − L− 3
2
L2
)]
f (2),(h)qq = C
2
F
[
1
ǫ2
((2− 2ζ2)δ + 2P + 2L) + 1
ǫ
(
δ(−4ζ2 − 6ζ3 + 10) + 4P − 2L− 3L2
) ]
f (2),(i)qq = CF (CA − 2CF )
[
1
ǫ2
((
ζ2 − 1
2
)
δ +
1
2
P
)
+
1
ǫ
(
δ
(
−ζ2
2
+ 7ζ3 − 4
)
+
1
2
P − 1
2
L
)]
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f (2),(j)qq = CF
[
1
ǫ2
(
δ
(
2nfTf
3
− 5CA
6
))
+
1
ǫ
(
δ
(
7CA
9
− 8nfTf
9
)
+ P
(
5CA
3
− 4nfTf
3
))]
f (2),(k)qq = CACF
(
1
ǫ2
(ζ2δ) +
1
ǫ
(ζ3δ − 2ζ2P )
)
f (2),(l)qq = CF
[
1
ǫ2
(
δ
(
5CA
3
− 4nfTf
3
)
+ P
(
5CA
3
− 4nfTf
3
))
+
1
ǫ
(
δ
(
−5CAζ2
3
+
61CA
9
+
4
3
nfTfζ2 − 44nfTf
9
)
+ P
(
16CA
9
− 8nfTf
9
)
+ L
(
8nfTf
3
− 10CA
3
))]
f (2),(m)qq = C
2
F
(
− 1
ǫ2
(δ + P ) +
1
ǫ
((2ζ2 − 4) δ − P + L)
)
f (2),SE extqq =
1
ǫ2
(−2 (CACF + 3C2F ) δ − 8C2FP )
+
1
ǫ
(
1
2
δ
(−25CACF + 16C2F ζ2 − 37C2F + 4CFnfTf)− 8C2FP + 8C2FL)
Summing the two loop ontributions with the fators shown in gure 4 we nd,
f (2)qq =
CF
ǫ2
[
δ
(
9CA
2
+ CF (2− 8ζ2)− 2nfTf
)
+ P
(
22CA
3
+ 8C2F −
8nfTf
3
)
+ 16CFL
]
+
CF
ǫ
[
δ
(
CA
(
−22ζ2
3
− 6ζ3 + 125
6
)
+CF
(
−14ζ2 − 4ζ3 + 27
2
)
+ nfTf
(
8ζ2
3
− 26
3
))
+ P
(
CA
(
119
9
− 4ζ2
)
+ 24CF − 28nfTf
9
)
+ L
(
−44CA
3
− 8CF + 16nfTf
3
)
− 24CFL2
]
(A.14)
At two loops we need to take into aount the running from the one loop ontribution,
αs
4π f
(1)
qq → αs4πf
(1),R
qq . This is found by replaing ξ →
(
1 + αs4πǫ
(
10
6 CA − 43Tfnf
))
ξ and αs →(
1 + αs bˆ0πǫ
)
αs. We then speialise to Feynman gauge ξ = 1.
We then nd the Zqq that minimally subtrats the divergenes in δ +
αs
4π f
(1),R
qq +(
αs
4π
)2
f
(2)
qq . As the renormalisation is multipliative, onvolutions need to be taken into
aount for one loop squared terms. For example,
P ⊗ L = −ζ2P + 3
2
L2 + ζ3δ. (A.15)
Equivalently the renormalisation an be transformed to Mellin spae, eq. (3.20), where the
onvolutions beome produts ensuring that,
Z˜qq
(
1 +
αs
4π
f˜ (1),Rqq +
(αs
4π
)2
f˜ (2)qq
)
(A.16)
 40 
is nite in ǫ. We an then extrat the splitting funtions to two loops from,
P˜qq =
(
−ǫαs − α2s
bˆ0
π
)
d
dαs
log(Z˜qqZq), (A.17)
where Zq is the wavefuntion renormalisation in MS for the quark. Up to two loops,
Zq = 1−
(αs
4π
) CF
ǫ
+
(αs
4π
)2
CF
(
1
ǫ2
(
CA +
CF
2
)
+
1
ǫ
(
−17CA
4
+
3CF
4
+ Tfnf
))
.
(A.18)
Converting bak to x spae we nd,
Pqq =
αs
4π
CF (3δ + 4P )
+
(αs
4π
)2 [
δ
(
CACF
(
44ζ2
3
− 12ζ3 + 17
6
)
+ C2F
(
−12ζ2 + 24ζ3 + 3
2
)
− CFTfnf
(
16ζ2
3
+
2
3
))
+ P
(
CACF
(
268
9
− 8ζ2
)
− 80CFnfTf
9
)]
.
(A.19)
Notie that we nd that all Ln terms anel. This reprodues Bqδ , the oeient of δ,
in eq. (3.35) and showing that the oeient of P is γ
usp
as in eq. (2.4).
A.2 Calulating Pgg
The one loop ontributions for the gluon gluon distribution funtion are shown in gures 5a
and 5b. The total one loop ontributions are,
f (1)gg =
1
ǫ
[
δ
(
−CAξ
2
+
35CA
6
− 8nfTf
3
)
+ 4CAP
]
+ δ
(
−4CAζ2 + 98CA
9
− 40nfTf
9
)
+ (CAξ − CA)P − 4CAL. (A.20)
The two loop ontributions are shown in gures 5 to 5p. The two loop ontributions are,
f (2),(c)gg = C
2
A
(
1
ǫ2
(
−9
4
P
)
+
1
ǫ
(
9
4
ζ2δ − 9
2
P +
9
4
L
))
f (2),(d)gg = C
2
A
(
1
ǫ2
(2ζ2δ) +
1
ǫ
(−4ζ3δ − 4ζ2P )
)
f (2),(e)gg = C
2
A
(
1
ǫ2
((1 − 8ζ2)δ + 4P + 8L) + 1
ǫ
(
(4− 4ζ2)δ + (8ζ2 + 8)P − 4L− 12L2
))
f (2),(f)gg = C
2
A
[
1
ǫ2
((
ζ2
2
+
3
4
)
δ +
5
4
P +
1
2
L
)
+
1
ǫ
(
δ
(
−3ζ2
2
− ζ3
2
+
15
4
)
+
(
5
2
− 2ζ2
)
P − 9
4
L− 3
4
L2
)]
f (2),(g)gg = C
2
A
(
1
ǫ2
(
−9
8
δ − 9
8
P
)
+
1
ǫ
((
9ζ2
4
− 45
8
)
δ − 9
4
P +
9
8
L
))
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(a) 1 (b) 2
() 2
(d) 1
(e) 1
(f) 2
(g) 2
(h) 2
(i) 2
(j) 4
(k) 2 (l) 2
(m) 1 (n) 1 (o) 2
(p) 2
Figure 5: Large-x divergent ontributions to the gluon-gluon parton distribution up to
two loops. The grey blob represents a self energy insertion. Insertions on external legs are
exluded. The lokwise ghost is inluded in h)
f (2),(h)gg = C
2
A
(
1
ǫ2
(
− 1
48
δ − 1
24
P
)
+
1
ǫ
((
ζ2
24
− 31
288
)
δ − 1
9
P +
1
24
L
))
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f (2),(i)gg = C
2
A
[
1
ǫ2
((
3ζ2
4
+
5
16
)
δ + 3P +
1
2
L
)
+
1
ǫ
(
δ
(
−35ζ2
8
+
17ζ3
4
+
65
96
)
+
(
71
12
− ζ2
)
P − 4L− 3
4
L2
)]
f (2),(j)gg = CAnfTf
(
1
ǫ2
(
1
3
δ +
2
3
P
)
+
1
ǫ
((
59
36
− 2ζ2
3
)
δ +
10
9
P − 2
3
L
))
f (2),(k)gg = C
2
A
[
1
ǫ2
((
3
4
− 5ζ2
4
)
δ +
1
2
P + L
)
+
1
ǫ
(
δ
(
−ζ2 − 19ζ3
4
+
15
4
)
+ P − 1
2
L− 3
2
L2
)]
f (2),(l)gg = C
2
A
(
1
ǫ2
(
−3
2
ζ2δ + P + 2L
)
+
1
ǫ
(
δ
(
−2ζ2 − 5ζ3
2
)
+ 2P − L− 3L2
))
f (2),(m)gg =
1
ǫ2
(
δ
(
2CAnfTf
3
− 5C
2
A
6
))
+
1
ǫ
(
δ
(
7C2A
9
− 8CAnfTf
9
)
+ P
(
5C2A
3
− 4CAnfTf
3
))
f (2),(n)gg = C
2
A
(
1
ǫ2
(−ζ2δ) + 1
ǫ
(2ζ2P − ζ3δ)
)
f (2),(o)gg =
1
ǫ2
(
δ
(
7CAnfTf
9
− 35C
2
A
36
)
+ P
(
4CAnfTf
3
− 5C
2
A
3
))
+
1
ǫ
[
δ
(
10C2Aζ2
3
− 133C
2
A
27
− 8
3
CAnfTfζ2 +
98CAnfTf
27
)
+ P
(
20CAnfTf
9
− 31C
2
A
9
)
+ L
(
5C2A
3
− 4CAnfTf
3
)]
f (2),(p)gg =
1
ǫ2
(
δ
(
13CAnfTf
18
− 65C
2
A
72
)
+ P
(
4CAnfTf
3
− 5C
2
A
3
))
+
1
ǫ
[
δ
(
5C2Aζ2
3
− 1931C
2
A
432
− 4
3
CAnfTfζ2 +
355CAnfTf
108
)
+ P
(
8CAnfTf
9
− 16C
2
A
9
)
+ L
(
10C2A
3
− 8CAnfTf
3
)]
f (2)SE extgg =
1
ǫ2
(
δ
(
95C2A
6
− 58CAnfTf
3
+
16n2fT
2
f
3
)
+ P
(
20C2A
3
− 16CAnfTf
3
))
+
1
ǫ
[
δ
(
− 1
3
20C2Aζ2 +
2311C2A
36
+
16
3
CAnfTf ζ2 −
637CAnfTf
9
− 4CFnfTf
+
160n2fT
2
f
9
)
+ P
(
124C2A
9
− 80CAnfTf
9
)
+ L
(
16CAnfTf
3
− 20C
2
A
3
)]
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The total two loop ontribution is,
f (2) =
1
ǫ
[
δ
(
C2A
(
−36ζ2 − 10ζ3 + 7591
72
)
+CAnfTf
(
16ζ2 − 527
6
)
− 4CFnfTf +
160n2fT
2
f
9
)
+ P
(
C2A
(
−4ζ2 + 496
9
)
− 176CAnfTf
9
)
+ L
(
16CAnfTf − 36C2A
)− 24C2AL2]
+
1
ǫ2
[
δ
(
C2A
(
−8ζ2 + 101
4
)
− 71CAnfTf
3
+
16n2fT
2
f
3
)
+ P
(
86C2A
3
− 40CAnfTf
3
)
+ 16C2AL
]
The extration of the splitting funtion from above is the same as in the quark ase. Instead
of Zq we use the gluon eld renormalisation in MS,
ZA =1 +
αs
4π
1
ǫ
(
5CA
3
− 4nfTf
3
)
+
(αs
4π
)2 [1
ǫ
(
23C2A
8
− 5CAnfTf
2
− 2CFnfTf
)
+
1
ǫ2
(
5CAnfTf
3
− 25C
2
A
12
)]
.
(A.21)
Performing those steps we nd,
Pgg =
αs
4π
(
δ
(
11CA
3
− 4nfTf
3
)
+ 4CAP
)
+
(αs
4π
)2 [
δ
(
12C2Aζ3 +
32C2A
3
− 16CAnfTf
3
− 4CFnfTf
)
+ P
(
−8C2Aζ2 +
268C2A
9
− 80CAnfTf
9
)]
. (A.22)
Again this aligns with Bgδ in eq. (3.35) and γusp in eq. (2.4).
We have repliated previous splitting funtion alulations at large x diretly from the
denition eqs. (3.1) and (3.2) in a ovariant gauge. By taking the inoming partons o shell,
p2 6= 0, we regulate the infrared divergenes allowing the extration of the UV poles of the
PDFs. Although the divergent terms remain gauge independent the nite terms beome
gauge dependent. It means that we need to take into aount the running of the gauge
parameter ξ → ZAξ in nite terms, even when working in Feynman gauge.
B Partiular two-loop diagrams ontributing to W⊓
In this appendix we elaborate on aspets of the alulation of W⊓ presented in setion 4.
We onsider two spei diagrams where some subtle points arise. In appendix B.1 we
disuss the endpoint ontributions in diagram d
(2)
YL
in eq. (4.16) using momentum spae,
and in appendix B.2 we show the single IR divergent behaviour of d
(2)
X3
.
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B.1 Endpoint ontribution in the diagram d
(2)
YL
In setion 4 we revisited the analysis of non-Abelian ontributions to orrelator of nite and
semi-innite Wilson lines [72℄. Speially, we derived representations of two-loop diagrams
that ontain a three-gluon vertex and made a lear distintion between ones where two
gluons are emitted from a nite Wilson-line segment as ompared to the ase where two
emissions emerge from a semi-innite line, orresponding respetively to diagrams d
(2)
Ys
and
d
(2)
YL
in (4.16). The dierene is that in the former ase both endpoints ontributions appear,
as in (4.28), while in the latter ase there is no end-point ontribution from innity, so the
representation of d
(2)
YL
simplies to (4.31). Let us now present this alulation in detail using
momentum spae and show expliitly that this endpoint ontribution is indeed absent.
Using the Feynman rules given in setion 4, diagram d
(2)
YL
in (4.16) reads
d
(2)
YL
= KY
∫
ddz
∫ 0
−∞
ds1
∫ 0
s1
ds2
∫ y
0
dt3
[
β · ∂
∂s2β
− β · ∂
∂s1β
]
× [−(s1β − z)2 + i0]−1+ǫ [−(s2β − z)2 + i0]−1+ǫ [−(ut3 − z)2 + i0]−1+ǫ , (B.1)
whih is analogous to eq. (4.23). In the equation above, we integrate over z using the
momentum-spae representation of the propagators
N [−x2 + i0]−1+ǫ = −i∫ ddk
(2π)d
e−ik·x
k2 + i0
, (B.2)
obtaining
d
(2)
YL
= ig4s
CiCA
2
u · β
∫
ddk1d
dk2
(2π)2d
∫ 0
−∞
ds1
∫ 0
s1
ds2
∫ y
0
dt3
[
β · ∂
∂s2β
− β · ∂
∂s1β
]
(−i)3 e
−ik1·βs1e−ik2·βs2ei(k1+k2)·ut3
k21k
2
2(k1 + k2)
2
. (B.3)
After taking the derivatives with respet to s1β, s2β and integrating over the innite line
we get
d
(2)
YL
= ig4s
CiCA
2
u · β
∫
ddk1d
dk2
(2π)2d
∫ y
0
dt3
(−i)3ei(k1+k2)·ut3
k21k
2
2(k1 + k2)
2
k2 · β − k1 · β
k2 · β + i0{
1
−i(k1 · β + i0) −
1
−i [(k1 + k2) · β + i0]
}
, (B.4)
where the presription +i0 in the denominators ensures the onvergene of the integrals for
s1 → −∞. The expression above may be onveniently rewritten as
d
(2)
YL
= ig4s
CiCA
2
u · β
∫
ddk1d
dk2
(2π)2d
∫ y
0
dt3 e
i(k1+k2)·ut3 (−i)3
k21k
2
2(k1 + k2)
2
×
{
1
−i(k1 · β + i0) −
2
−i [(k1 + k2) · β + i0]
}
. (B.5)
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This diretly leads to the representation of eq. (4.31), as we now show. Upon introduing
an auxiliary integration onstrained by momentum onservation we obtain:
d
(2)
YL
= ig4s
CiCA
2
u · β
∫
ddk1d
dk2d
dk3
(2π)3d
(2π)dδd(k1 + k2 + k3)
(−i)3
k21k
2
2k
2
3{∫ y
0
dt3
∫ 0
−∞
ds1 e
−ik3·ut3
[
e−ik1·βs1 − 2 e−i(k1+k2)·βs1
]}
. (B.6)
The representation of the delta funtion (2π)dδd(k1 + k2 + k3) =
∫
ddz ei(k1+k2+k3)·z is
interpreted as an integral over the position of the salar three gluon vertex in eq. (4.31).
Using eq. (B.2) we reover the expression of the three gluon propagators in oordinate
spae, arrying momenta k1, k2 and k3, obtaining
d
(2)
YL
= KY
∫
ddz
∫ y
0
dt3
∫ 0
−∞
ds1 [−(z − ut3)2 + i0]ǫ−1{[−(z − βs1)2 + i0]ǫ−1 [−z2 + i0]ǫ−1 − 2 [−(z − βs1)2 + i0]2ǫ−2} . (B.7)
Substituting the denitions in eqs. (4.29a), (4.29b) and (4.29) we verify the result in
eq. (4.31).
B.2 The diagram d
(2)
X3
onneting three Wilson lines
In this setion we derive the representation of eq. (4.21) of the diagram d
(2)
X3
that onnets
two usps with a lightlike segment of nite length. Following the disussion of ref. [72℄,
the singularities of the webs of this kind are assoiated with the onguration where all
the verties approah the lightlike segment of nite length. These webs do not ontribute
to the usp singularities beause there is not any region of onguration spae where all
verties are in proximity of the usp. By using the Feynman rules in eq. (4.2), the diagram
d
(2)
X3
reads
d
(2)
X3
= −g4sµ4ǫ
CACF
2
N 2(β · u)2
∫ +∞
0
dt1
∫ +∞
0
dt3
∫ y
0
ds1
∫ y
s1
ds2
[−2β · ut1s2 + i0]ǫ−1 [−2β · ut3(s1 − y) + i0]ǫ−1 , (B.8)
where the fator −CACF2 orresponds to the maximally non-Abelian part of diagram's olour
fator, whih is exponentiated [110113℄. We expose the overall infrared singularity in the
last integration by rewriting the integration domain using θ(t1 − t3) + θ(t3 − t1) = 1 and
hanging the order of integrations. Thus we obtain
d
(2)
X3
= −g4sµ4ǫ CACFN 2(β · u)2
∫ +∞
0
dt
∫ t
0
dt′(t t′)−1+ǫ
∫ y
0
ds1
∫ y
s1
ds2
[−2β · us2 + i0]ǫ−1 [−2β · u(s1 − y) + i0]ǫ−1 . (B.9)
We stress that the expression above still has infrared singularities from the limit t → ∞
in the upper bound of the t′ integral. Therefore we deouple the infrared ontributions by
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applying the hanges of variables
t′ = t
(
s
y
)2
, s1 = y a1, s2 = y a2, (B.10)
whih yields
d
(2)
X3
= g4sµ
4ǫ CACFN 2(β · u)
∫ +∞
0
dt
∫ y
0
ds [−2β · uts+ i0]2ǫ−1
∫ 1
0
da1
(1− a1)1−ǫ
∫ 1
a1
da2
a1−ǫ2
.
(B.11)
The parameters a1 and a2 are integrated immediately, leading to
d
(2)
X3
= g4sµ
4ǫ CACFN 2(β · u) 1
ǫ
[
1
ǫ
−B(ǫ, 1 + ǫ)
]
(B.12)∫ +∞
0
dt
∫ y
0
ds [−2β · uts+ i0]2ǫ−1 . (B.13)
Thus we apply the hange of variables introdued before eq. (4.5) and we get
d
(2)
X3
= −g4sµ4ǫ
CACF
2
N 2 1
ǫ
[
1
ǫ
−B(ǫ, 1 + ǫ)
]
(B.14)∫ +∞
0
dτ
τ
∫ ρ√
2
0
dσ
σ
(
4τσµ2
)2ǫ
. (B.15)
By replaing the normalisation N = −Γ(1−ǫ)
4π2−ǫ , we absorb the fator (4πe
γE )ǫ into the ou-
pling onstant, whih we expand at the sale
1
τσ by means of eq. (4.7), thus getting
d
(2)
X3
= −CACF Γ
2(1− ǫ)
2ǫ
[
1
ǫ
−B(ǫ, 1 + ǫ)
]
(B.16)
∫ +∞
0
dτ
τ
∫ ρ√
2
0
dσ
σ
(
αs
(
1
τσ
)
π
e−ǫγE
)2
, (B.17)
whih is written in terms of the representation in eq. (4.17) and reprodues the result of
eq. (4.21). By expanding the integrand for ǫ→ 0 we get
w
(2)
X3
= −CACF
[
ζ2
2
− ǫζ3
]
. (B.18)
We notie that the rst term in the equation above, one integrated with λ and σ → 0,
would yield a double UV pole, whih is expeted to arise only from single usp singularities.
By summing the ontribution of w
(2)
X3
above with the one originated from the other webs
onneting three lines, namely w
(2)
3s , we verify that the usp term anels, leaving only
the subleading pole in eq. (4.37) assoiated with ollinear ongurations around the nite
segment.
 47 
Referenes
[1℄ G. F. Sterman, Summation of Large Corretions to Short Distane Hadroni
Cross-Setions, Nul. Phys. B281 (1987) 310.
[2℄ S. Catani and L. Trentadue, Resummation of the QCD Perturbative Series for Hard
Proesses, Nul. Phys. B327 (1989) 323.
[3℄ G. P. Korhemsky and G. Marhesini, Resummation of large infrared orretions using
Wilson loops, Phys. Lett. B313 (1993) 433.
[4℄ H. Contopanagos, E. Laenen and G. F. Sterman, Sudakov fatorization and resummation,
Nul. Phys. B484 (1997) 303 [hep-ph/9604313℄.
[5℄ E. Laenen and L. Magnea, Threshold resummation for eletroweak annihilation from DIS
data, Phys. Lett. B632 (2006) 270 [hep-ph/0508284℄.
[6℄ T. Beher, M. Neubert and G. Xu, Dynamial Threshold Enhanement and Resummation
in Drell-Yan Prodution, JHEP 07 (2008) 030 [0710.0680℄.
[7℄ I. I. Balitsky and L. N. Lipatov, The Pomeranhuk Singularity in Quantum
Chromodynamis, Sov. J. Nul. Phys. 28 (1978) 822.
[8℄ E. A. Kuraev, L. N. Lipatov and V. S. Fadin, Multi - Reggeon Proesses in the Yang-Mills
Theory, Sov. Phys. JETP 44 (1976) 443.
[9℄ V. S. Fadin, E. A. Kuraev and L. N. Lipatov, On the Pomeranhuk Singularity in
Asymptotially Free Theories, Phys. Lett. 60B (1975) 50.
[10℄ L. N. Lipatov, Reggeization of the Vetor Meson and the Vauum Singularity in Nonabelian
Gauge Theories, Sov. J. Nul. Phys. 23 (1976) 338.
[11℄ I. A. Korhemskaya and G. P. Korhemsky, High-energy sattering in QCD and ross
singularities of Wilson loops, Nul. Phys. B437 (1995) 127 [hep-ph/9409446℄.
[12℄ I. Balitsky, Operator expansion for high-energy sattering, Nul. Phys. B463 (1996) 99
[hep-ph/9509348℄.
[13℄ S. Caron-Huot, When does the gluon reggeize?, JHEP 05 (2015) 093 [1309.6521℄.
[14℄ S. Caron-Huot, E. Gardi and L. Vernazza, Two-parton sattering in the high-energy limit,
JHEP 06 (2017) 016 [1701.05241℄.
[15℄ J. C. Collins, Sudakov form-fators, Adv. Ser. Diret. High Energy Phys. 5 (1989) 573
[hep-ph/0312336℄.
[16℄ J. Collins, Foundations of perturbative QCD, Camb. Monogr. Part. Phys. Nul. Phys.
Cosmol. 32 (2011) 1.
[17℄ T. Beher, A. Broggio and A. Ferroglia, Introdution to Soft-Collinear Eetive Theory,
Let. Notes Phys. 896 (2015) pp.1 [1410.1892℄.
[18℄ G. P. Korhemsky and A. V. Radyushkin, Renormalization of the Wilson Loops Beyond the
Leading Order, Nul. Phys. B283 (1987) 342.
[19℄ S. Moh, J. A. M. Vermaseren and A. Vogt, Higher-order orretions in threshold
resummation, Nul. Phys. B726 (2005) 317 [hep-ph/0506288℄.
[20℄ Y. Li, A. von Manteuel, R. M. Shabinger and H. X. Zhu, Soft-virtual orretions to Higgs
prodution at N
3
LO, Phys. Rev. D91 (2015) 036008 [1412.2771℄.
 48 
[21℄ A. Grozin, J. M. Henn, G. P. Korhemsky and P. Marquard, Three Loop Cusp Anomalous
Dimension in QCD, Phys. Rev. Lett. 114 (2015) 062006 [1409.0023℄.
[22℄ A. Grozin, J. M. Henn, G. P. Korhemsky and P. Marquard, The three-loop usp anomalous
dimension in QCD and its supersymmetri extensions, JHEP 01 (2016) 140 [1510.07803℄.
[23℄ Ø. Almelid, C. Duhr and E. Gardi, Three-loop orretions to the soft anomalous dimension
in multileg sattering, Phys. Rev. Lett. 117 (2016) 172002 [1507.00047℄.
[24℄ Ø. Almelid, C. Duhr, E. Gardi, A. MLeod and C. D. White, Bootstrapping the QCD soft
anomalous dimension, JHEP 09 (2017) 073 [1706.10162℄.
[25℄ J. Davies, A. Vogt, B. Ruijl, T. Ueda and J. A. M. Vermaseren, Large-nf ontributions to
the four-loop splitting funtions in QCD, Nul. Phys. B915 (2017) 335 [1610.07477℄.
[26℄ J. M. Henn, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, A planar four-loop form
fator and usp anomalous dimension in QCD, JHEP 05 (2016) 066 [1604.03126℄.
[27℄ S. Moh, B. Ruijl, T. Ueda, J. A. M. Vermaseren and A. Vogt, Four-Loop Non-Singlet
Splitting Funtions in the Planar Limit and Beyond, JHEP 10 (2017) 041 [1707.08315℄.
[28℄ A. Grozin, J. Henn and M. Stahlhofen, On the Casimir saling violation in the usp
anomalous dimension at small angle, JHEP 10 (2017) 052 [1708.01221℄.
[29℄ S. Moh, B. Ruijl, T. Ueda, J. A. M. Vermaseren and A. Vogt, On quarti olour fators in
splitting funtions and the gluon usp anomalous dimension, Phys. Lett. B782 (2018) 627
[1805.09638℄.
[30℄ R. N. Lee, A. V. Smirnov, V. A. Smirnov and M. Steinhauser, Four-loop quark form fator
with quarti fundamental olour fator, JHEP 02 (2019) 172 [1901.02898℄.
[31℄ J. M. Henn, T. Peraro, M. Stahlhofen and P. Wasser, Matter dependene of the four-loop
usp anomalous dimension, Phys. Rev. Lett. 122 (2019) 201602 [1901.03693℄.
[32℄ Brüser, Robin and Grozin, Andrey and Henn, Johannes M. and Stahlhofen, Maximilian,
Matter dependene of the four-loop QCD usp anomalous dimension: from small angles to
all angles, 1902.05076.
[33℄ A. von Manteuel and R. M. Shabinger, Quark and gluon form fators in four loop QCD:
the N2f and NqγNf ontributions, 1902.08208.
[34℄ N. Beisert, B. Eden and M. Staudaher, Transendentality and Crossing,
J. Stat. Meh. 0701 (2007) P01021 [hep-th/0610251℄.
[35℄ R. H. Boels, T. Huber and G. Yang, Four-Loop Nonplanar Cusp Anomalous Dimension in
N=4 Supersymmetri Yang-Mills Theory, Phys. Rev. Lett. 119 (2017) 201601 [1705.03444℄.
[36℄ D. Fioravanti, P. Grinza and M. Rossi, Beyond usp anomalous dimension from
integrability, Phys. Lett. B675 (2009) 137 [0901.3161℄.
[37℄ L. Freyhult and S. Zieme, The virtual saling funtion of AdS/CFT,
Phys. Rev. D79 (2009) 105009 [0901.2749℄.
[38℄ L. Freyhult, A. Rej and M. Staudaher, A Generalized Saling Funtion for AdS/CFT,
J. Stat. Meh. 0807 (2008) P07015 [0712.2743℄.
[39℄ L. J. Dixon, The Priniple of Maximal Transendentality and the Four-Loop Collinear
Anomalous Dimension, JHEP 01 (2018) 075 [1712.07274℄.
 49 
[40℄ A. H. Mueller, ed., Perturbative Quantum Chromodynamis, vol. 5. WSP, Singapore, 1989,
10.1142/0494.
[41℄ Y. L. Dokshitzer, Calulation of the Struture Funtions for Deep Inelasti Sattering and
e+ e- Annihilation by Perturbation Theory in Quantum Chromodynamis., Sov. Phys.
JETP 46 (1977) 641.
[42℄ V. N. Gribov and L. N. Lipatov, Deep inelasti e p sattering in perturbation theory, Sov. J.
Nul. Phys. 15 (1972) 438.
[43℄ G. Altarelli and G. Parisi, Asymptoti Freedom in Parton Language,
Nul. Phys. B126 (1977) 298.
[44℄ V. Ravindran, J. Smith and W. L. van Neerven, Two-loop orretions to Higgs boson
prodution, Nul. Phys. B704 (2005) 332 [hep-ph/0408315℄.
[45℄ S. Moh, J. A. M. Vermaseren and A. Vogt, Three-loop results for quark and gluon
form-fators, Phys. Lett. B625 (2005) 245 [hep-ph/0508055℄.
[46℄ G. P. Korhemsky, Asymptotis of the Altarelli-Parisi-Lipatov Evolution Kernels of Parton
Distributions, Mod. Phys. Lett. A4 (1989) 1257.
[47℄ J. C. Collins, D. E. Soper and G. F. Sterman, Transverse Momentum Distribution in
Drell-Yan Pair and W and Z Boson Prodution, Nul. Phys. B250 (1985) 199.
[48℄ Y. Li, D. Neill and H. X. Zhu, An Exponential Regulator for Rapidity Divergenes,
Submitted to: Phys. Rev. D (2016) [1604.00392℄.
[49℄ Y. Li and H. X. Zhu, Bootstrapping Rapidity Anomalous Dimensions for
Transverse-Momentum Resummation, Phys. Rev. Lett. 118 (2017) 022004 [1604.01404℄.
[50℄ A. Vladimirov, Struture of rapidity divergenes in multi-parton sattering soft fators,
JHEP 04 (2018) 045 [1707.07606℄.
[51℄ A. A. Vladimirov, Correspondene between Soft and Rapidity Anomalous Dimensions,
Phys. Rev. Lett. 118 (2017) 062001 [1610.05791℄.
[52℄ A. V. Belitsky, Two loop renormalization of Wilson loop for Drell-Yan prodution,
Phys. Lett. B442 (1998) 307 [hep-ph/9808389℄.
[53℄ R. V. Harlander, Virtual orretions to g g > H to two loops in the heavy top limit,
Phys. Lett. B492 (2000) 74 [hep-ph/0007289℄.
[54℄ E. G. Floratos, D. A. Ross and C. T. Sahrajda, Higher Order Eets in Asymptotially
Free Gauge Theories: The Anomalous Dimensions of Wilson Operators,
Nul. Phys. B129 (1977) 66.
[55℄ E. G. Floratos, D. A. Ross and C. T. Sahrajda, Higher Order Eets in Asymptotially
Free Gauge Theories. 2. Flavor Singlet Wilson Operators and Coeient Funtions,
Nul. Phys. B152 (1979) 493.
[56℄ A. Gonzalez-Arroyo, C. Lopez and F. J. Yndurain, Seond Order Contributions to the
Struture Funtions in Deep Inelasti Sattering. 1. Theoretial Calulations,
Nul. Phys. B153 (1979) 161.
[57℄ A. Gonzalez-Arroyo and C. Lopez, Seond Order Contributions to the Struture Funtions
in Deep Inelasti Sattering. 3. The Singlet Case, Nul. Phys. B166 (1980) 429.
[58℄ G. Curi, W. Furmanski and R. Petronzio, Evolution of Parton Densities Beyond Leading
Order: The Nonsinglet Case, Nul. Phys. B175 (1980) 27.
 50 
[59℄ W. Furmanski and R. Petronzio, Singlet Parton Densities Beyond Leading Order,
Phys. Lett. 97B (1980) 437.
[60℄ E. G. Floratos, C. Kounnas and R. Laaze, Higher Order QCD Eets in Inlusive
Annihilation and Deep Inelasti Sattering, Nul. Phys. B192 (1981) 417.
[61℄ S. Moh and J. A. M. Vermaseren, Deep inelasti struture funtions at two loops,
Nul. Phys. B573 (2000) 853 [hep-ph/9912355℄.
[62℄ I. Korhemskaya and G. Korhemsky, On light-like wilson loops,
Physis Letters B 287 (1992) 169 .
[63℄ L. J. Dixon, L. Magnea and G. F. Sterman, Universal struture of subleading infrared poles
in gauge theory amplitudes, JHEP 08 (2008) 022 [0805.3515℄.
[64℄ S. Catani, The Singular behavior of QCD amplitudes at two loop order,
Phys. Lett. B427 (1998) 161 [hep-ph/9802439℄.
[65℄ G. F. Sterman and M. E. Tejeda-Yeomans, Multiloop amplitudes and resummation,
Phys. Lett. B552 (2003) 48 [hep-ph/0210130℄.
[66℄ S. M. Aybat, L. J. Dixon and G. F. Sterman, The Two-loop anomalous dimension matrix
for soft gluon exhange, Phys. Rev. Lett. 97 (2006) 072001 [hep-ph/0606254℄.
[67℄ S. M. Aybat, L. J. Dixon and G. F. Sterman, The Two-loop soft anomalous dimension
matrix and resummation at next-to-next-to leading pole, Phys. Rev. D74 (2006) 074004
[hep-ph/0607309℄.
[68℄ T. Beher and M. Neubert, Infrared singularities of sattering amplitudes in perturbative
QCD, Phys. Rev. Lett. 102 (2009) 162001 [0901.0722℄.
[69℄ T. Beher and M. Neubert, On the Struture of Infrared Singularities of Gauge-Theory
Amplitudes, JHEP 06 (2009) 081 [0903.1126℄.
[70℄ E. Gardi and L. Magnea, Fatorization onstraints for soft anomalous dimensions in QCD
sattering amplitudes, JHEP 03 (2009) 079 [0901.1091℄.
[71℄ E. Gardi and L. Magnea, Infrared singularities in QCD amplitudes,
Nuovo Cim. C32N5-6 (2009) 137 [0908.3273℄.
[72℄ O. Erdo§an and G. Sterman, Gauge Theory Webs and Surfaes,
Phys. Rev. D91 (2015) 016003 [1112.4564℄.
[73℄ V. Del Dua, Iterating QCD sattering amplitudes in the high-energy limit,
JHEP 02 (2018) 112 [1712.07030℄.
[74℄ V. S. Fadin, M. I. Kotsky and R. Fiore, Gluon Reggeization in QCD in the next-to-leading
order, Phys. Lett. B359 (1995) 181.
[75℄ V. S. Fadin, R. Fiore and M. I. Kotsky, Gluon Regge trajetory in the two loop
approximation, Phys. Lett. B387 (1996) 593 [hep-ph/9605357℄.
[76℄ V. S. Fadin, R. Fiore and A. Quartarolo, Reggeization of quark quark sattering amplitude
in QCD, Phys. Rev. D53 (1996) 2729 [hep-ph/9506432℄.
[77℄ J. Blumlein, V. Ravindran and W. L. van Neerven, On the gluon Regge trajetory in O
alpha-s**2, Phys. Rev. D58 (1998) 091502 [hep-ph/9806357℄.
[78℄ V. Del Dua and E. W. N. Glover, The High-energy limit of QCD at two loops,
JHEP 10 (2001) 035 [hep-ph/0109028℄.
 51 
[79℄ I. A. Korhemskaya and G. P. Korhemsky, Evolution equation for gluon Regge trajetory,
Phys. Lett. B387 (1996) 346 [hep-ph/9607229℄.
[80℄ L. Magnea and G. F. Sterman, Analyti ontinuation of the Sudakov form-fator in QCD,
Phys. Rev. D42 (1990) 4222.
[81℄ V. S. Vanyashin and M. V. Terentev, The Vauum Polarization of a Charged Vetor Field,
Zh. Eksp. Teor. Fiz. 48 (1965) 565.
[82℄ I. B. Khriplovih, Green's funtions in theories with non-abelian gauge group., Sov. J. Nul.
Phys. 10 (1969) 235.
[83℄ D. J. Gross and F. Wilzek, Ultraviolet Behavior of Nonabelian Gauge Theories,
Phys. Rev. Lett. 30 (1973) 1343.
[84℄ H. D. Politzer, Reliable Perturbative Results for Strong Interations?,
Phys. Rev. Lett. 30 (1973) 1346.
[85℄ W. E. Caswell, Asymptoti Behavior of Nonabelian Gauge Theories to Two Loop Order,
Phys. Rev. Lett. 33 (1974) 244.
[86℄ D. R. T. Jones, Two Loop Diagrams in Yang-Mills Theory, Nul. Phys. B75 (1974) 531.
[87℄ O. V. Tarasov and A. A. Vladimirov, Two Loop Renormalization of the Yang-Mills Theory
in an Arbitrary Gauge, Sov. J. Nul. Phys. 25 (1977) 585.
[88℄ E. Egorian and O. V. Tarasov, Two Loop Renormalization of the QCD in an Arbitrary
Gauge, Teor. Mat. Fiz. 41 (1979) 26.
[89℄ O. V. Tarasov, A. A. Vladimirov and A. Yu. Zharkov, The Gell-Mann-Low Funtion of
QCD in the Three Loop Approximation, Phys. Lett. 93B (1980) 429.
[90℄ S. A. Larin and J. A. M. Vermaseren, The Three loop QCD Beta funtion and anomalous
dimensions, Phys. Lett. B303 (1993) 334 [hep-ph/9302208℄.
[91℄ S. Moh, J. A. M. Vermaseren and A. Vogt, The Three loop splitting funtions in QCD:
The Nonsinglet ase, Nul. Phys. B688 (2004) 101 [hep-ph/0403192℄.
[92℄ T. O. Eynk, E. Laenen and L. Magnea, Exponentiation of the Drell-Yan ross-setion near
partoni threshold in the DIS and MS-bar shemes, JHEP 06 (2003) 057 [hep-ph/0305179℄.
[93℄ T. Beher and M. D. Shwartz, Diret photon prodution with eetive eld theory,
JHEP 02 (2010) 040 [0911.0681℄.
[94℄ T. Beher and G. Bell, The gluon jet funtion at two-loop order,
Phys. Lett. B695 (2011) 252 [1008.1936℄.
[95℄ L. Magnea, E. Maina, G. Pelliioli, C. Signorile-Signorile, P. Torrielli and S. Uirati,
Fatorisation and Subtration beyond NLO, JHEP 12 (2018) 062 [1809.05444℄.
[96℄ J. C. Collins and D. E. Soper, Parton distribution and deay funtions,
Nulear Physis B 194 (1982) 445 .
[97℄ D. J. Gross and F. Wilzek, Asymptotially Free Gauge Theories - I,
Phys. Rev. D8 (1973) 3633.
[98℄ H. Georgi and H. D. Politzer, Eletroprodution saling in an asymptotially free theory of
strong interations, Phys. Rev. D9 (1974) 416.
[99℄ R. Hamberg and W. L. van Neerven, The Corret renormalization of the gluon operator in a
ovariant gauge, Nul. Phys. B379 (1992) 143.
 52 
[100℄ A. Vogt, S. Moh and J. A. M. Vermaseren, The Three-loop splitting funtions in QCD:
The Singlet ase, Nul. Phys. B691 (2004) 129 [hep-ph/0404111℄.
[101℄ G. P. Korhemsky and G. Marhesini, Struture funtion for large x and renormalization of
Wilson loop, Nul. Phys. B406 (1993) 225 [hep-ph/9210281℄.
[102℄ Yu. L. Dokshitzer, G. Marhesini and G. P. Salam, Revisiting parton evolution and the
large-x limit, Phys. Lett. B634 (2006) 504 [hep-ph/0511302℄.
[103℄ A. V. Belitsky, G. P. Korhemsky and R. S. Pasehnik, Fine struture of anomalous
dimensions in N=4 super Yang-Mills theory, Nul. Phys. B809 (2009) 244 [0806.3657℄.
[104℄ M. D. Shwartz, Quantum Field Theory and the Standard Model. Cambridge University
Press, 2014.
[105℄ G. Heinrih and Z. Kunszt, Two loop anomalous dimension in light one gauge with
Mandelstam-Leibbrandt presription, Nul. Phys. B519 (1998) 405 [hep-ph/9708334℄.
[106℄ A. Bassetto, G. Heinrih, Z. Kunszt and W. Vogelsang, The Light one gauge and the
alulation of the two loop splitting funtions, Phys. Rev. D58 (1998) 094020
[hep-ph/9805283℄.
[107℄ D. A. Kosower and P. Uwer, Evolution kernels from splitting amplitudes,
Nul. Phys. B674 (2003) 365 [hep-ph/0307031℄.
[108℄ C. F. Berger, Higher orders in A(alpha(s))/[1-x℄+ of nonsinglet partoni splitting funtions,
Phys. Rev. D66 (2002) 116002 [hep-ph/0209107℄.
[109℄ J. C. Collins, D. E. Soper and G. F. Sterman, Fatorization of Hard Proesses in QCD,
Adv. Ser. Diret. High Energy Phys. 5 (1989) 1 [hep-ph/0409313℄.
[110℄ G. F. Sterman, Infrared divergenes in perturbative QCD, AIP Conf. Pro. 74 (1981) 22.
[111℄ J. G. M. Gatheral, Exponentiation of Eikonal Cross-setions in Nonabelian Gauge Theories,
Phys. Lett. 133B (1983) 90.
[112℄ J. Frenkel and J. C. Taylor, Nonabelian eikonal exponentiation,
Nul. Phys. B246 (1984) 231.
[113℄ E. Gardi, E. Laenen, G. Stavenga and C. D. White, Webs in multiparton sattering using
the replia trik, JHEP 11 (2010) 155 [1008.0098℄.
[114℄ O. Erdo§an, Coordinate-spae singularities of massless gauge theories,
Phys. Rev. D89 (2014) 085016 [1312.0058℄.
[115℄ O. Erdo§an and G. Sterman, Ultraviolet divergenes and fatorization for oordinate-spae
amplitudes, Phys. Rev. D91 (2015) 065033 [1411.4588℄.
[116℄ J. Frenkel, J. G. M. Gatheral and J. C. Taylor, Is quark-antiquark annihilation infrared safe
at high-energy?, Nul. Phys. B233 (1984) 307.
[117℄ C. F. Berger, Soft gluon exponentiation and resummation, Ph.D. thesis, SUNY, Stony
Brook, 2003. hep-ph/0305076.
[118℄ J. M. Drummond, J. Henn, G. P. Korhemsky and E. Sokathev, On planar gluon
amplitudes/Wilson loops duality, Nul. Phys. B795 (2008) 52 [0709.2368℄.
[119℄ J. M. Drummond, J. Henn, G. P. Korhemsky and E. Sokathev, Conformal Ward identities
for Wilson loops and a test of the duality with gluon amplitudes,
Nul. Phys. B826 (2010) 337 [0712.1223℄.
 53 
[120℄ J. M. Drummond, J. Henn, G. P. Korhemsky and E. Sokathev, Hexagon Wilson loop =
six-gluon MHV amplitude, Nul. Phys. B815 (2009) 142 [0803.1466℄.
 54 
